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Abstract. We show that for any amenable group F and any ZF-modulc M of 
type FL with vanishing Euler characteristic, the entropy of the natural F-action 
on the Pontryagin dual of M is equal to the L^-torsion of M. As a particular case, 
the entropy of the principal algebraic action associated with the module ZF/ZF/ 
is equal to the logarithm of the Fuglede-Kadison determinant of / whenever / 
is a non-zero-divisor in ZF. This confirms a conjecture of Deningcr. As a key 
step in the proof we provide a general Szcgo-type approximation theorem for the 
Fuglede-Kadison determinant on the group von Neumann algebra of an amenable 
group. 

As a consequence of the equality between L^-torsion and entropy, we show 
that the L^-torsion of a non-trivial amenable group with finite classifying space 
vanishes. This was conjectured by Liick. Finally, we establish a Milnor-Turaev 
formula for the L'^-torsion of a finite A-acyclic chain complex. 
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1. Introduction 



This article is concerned with the three interacting topics: entropy, determinants, 
and L"^ -torsion. Let F be a countable discrete amenable group (Section 2.3) and let 



be the Fuglede-Kadison determinant (Section 2.2), defined on the group von Neu- 
mann algebra 'NT. Let / be a non-zero-divisor in the integral group ring ZF of F 
and denote the left ideal generated by / in ZF by ZF/. The Pontryagin dual Xf of 
the quotient ZF/ZF/ is a compact abelian group and admits a natural continuous 
F-action. We call such an action a principal algebraic action. In 2006, Deninger [17] 
started a program to compute the entropy of principal algebraic actions of a count- 
able discrete amenable group in terms of the Fuglede-Kadison determinant. Classical 
results by Yuzvinskii [72] for F = Z and by Lind-Schmidt-Ward [42, 61] for F = Z"^ 
showed that the entropy of the F-action on Xf, which we denote by h.{Xf), is equal 
to logdetxr/, which can be identified with the logarithm of the Mahler measure of 
/. Deninger conjectured that this equality extends to all amenable groups. In order 
to prove this for general amenable groups, Deninger [17] developed important new 
techniques and confirmed this equality assuming that F is finitely generated and 
of polynomial growth, and that / is positive in JiT and invertible in -^^(F). Later 
Deninger-Schmidt [20] showed the equality in the case F is amenable and residually 
finite and / is invertible in ^^(F). The first author has weakened the assumptions 
and proved the equality between the logarithm of the Fuglede-Kadison determinant 
and the entropy of the associated principal algebraic action for all / G ZF invertible 



More generally, one may want to study the action of F on the Pontryagin dual M 
of an arbitrary ZF-module M. We call such an action an algebraic action. In the case 
F = Z*^, the results of Lind-Schmidt-Ward were enough to determine the entropy 



detj^r: ^F — > ]R>o, det^r/ = exp ( / \og{t)dfi\f\(t) 




in J^T [39]. 
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of any algebraic Z'^-action in terms of determinants [42, §4]. This was essentially 
due to the fact that Z[Z'^]-modules have a tractable structure theory and decompose 
nicely. For general amenable groups, this fails to be true. Following Serre, we say 
that a left ZF-module M is of type FL if it admits a finite free resolution: 

^ (ZF)'^* ^ > (ZT)'^' (ZF)"^" ^ M ^ 0. 

Note that modules of the form M = ZF/ZF/, for / being a non- zero-divisor in ZF, 
are of type FL since the sequence 

o^zf4zf^m^o 

is exact. If the Euler characteristic (see Section 2.5) x(^) = J2ii~^ydi vanishes, 
then the L^-torsion p^'^\Jd) of M - a real number - can be defined, see Section 2.6. 
The L^-torsion is a natural secondary invariant for modules of type FL and is de- 
fined in terms of the Fuglede-Kadison determinants of the Laplace operators asso- 
ciated with a resolution as above. The relation between determinants and torsion 
is classical and has found many nice applications in topology and algebra. Reide- 
meister torsion and Whitehead torsion are indispensable tools in algebraic topology 
[15, 51, 66, 67]. L^-torsion was first introduced in [10, 48] and has further enlarged 
the range of applications, see [46, Chapter 3] for an overview and a detailed descrip- 
tion. Through its relationship with the analytic Ray-Singer torsion it is related to 
interesting problems in analysis and geometry. In Section 6 we give a self-contained 
account on L^-torsion, and show that it can be viewed as a completely classical 
torsion theory - much in the spirit of classical Reidemeister torsion. The discussion 
is based on the ring !NF^ introduced by Haagerup-Schultz [29]. 

For any ZF-module M of type FL with x(^) = 0? we establish the equality of the 
entropy of the action of F on M and the L^-torsion of M. This is our main result. 
More precisely, we show the following result; see the definitions in Section 2. 

Theorem 1.1. Let T be a countable discrete amenable group and let M 6e a left 
TjT -module of type FLk for some /c G N with dimj^r(^F (8>zr M) = 0. Let C* — )■ M 5e 
a partial resolution ofJA by based finitely generated free left ZT -modules as in (2.6). 
Then, we have 

(1.1) (-i)'^h(M) > (-i)V'He*)- 

If furthermore M is of type FL with x(^) = and — M zs a resolution o/M by 
finitely generated free left ZV -modules as in (2.7), then 

(1.2) = p^^\U). 

We expect that Equality (1.2) in Theorem 1.1 will have numerous applications in 
both directions. Even though the aim of Deninger's program was to provide tools 
to compute the entropy of particular actions, it turns out that the final outcome 
is just as useful to compute the L^-torsion of particular ZF-modules. Note that 
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the different sides of the equation between entropy and L^-torsion are of completely 
different nature. There is for example a priori no reason to think that the L^- 
torsion of a ZF-module is always non-negative; for the entropy, this is obvious from 
the definition. On the other hand, it is known that the right side of the equation in 
the case F = Z*^ is often given by polylogarithms and special values of L-functions, 
and is related to regulators from algebraic geometry [19]. This arithmetic property 
of the possible values of the L^-torsion is well-studied for T = Z'^ [16], but remains 
largely unexplored for non-commutative F. Neither in the commutative nor in the 
non- commutative case, this property is expected a priori for the possible values of 
the entropy. 

A confirmation of the conjectured equality of the entropy of a principal algebraic 
action and the logarithm of the Fuglede-Kadison determinant arises as a special case 
of Theorem 1.1. For / G Mrf/xd(ZiF), we denote by ker/ C [i'^[r)Y the kernel of 
left-multiplication with /, see Section 2.1. 

Theorem 1.2. Let T be a countable discrete amenable group and let f e Mrf/xd(ZF) 
with ker / = {0}. Let Xf be the Pontryagm dual of (ZF)^^'^/(ZF)^^'^7 with its 
natural T -action. Then 

h(X/) <logdetMr/. 

If furthermore d' = d, then 

HXf) = h{Xf*) = \ogdetj,rf. 

Note that the case ker / 7^ {0} is more pathological. Indeed, for / e Mrf/xd(ZF) 
with ker / 7^ {0}, one has h.{Xf) = 00 [13, Theorem 4.11]. Similarly, in the context 

of Theorem 1.1, we have that dim>[r(3\fF(8)2r^) 7^ or x(^) 7^ implies h(M) = 00, 
see Remark 5.2. 

One can prove Theorem 1.1 directly, but we choose to prove Theorem 1.2 first, 
because all the technical difficulties arise already in this simpler special case. We 
then use Theorem 1.2 to establish Theorem 1.1. 

Theorem 1.1 turns out to be very useful for the computation of the L^-torsion for 
specific modules. Throughout, BY denotes a CW-complex, whose homotopy groups 
but the first one are all trivial and 7ri(-BF) = F. Such a space exists and is unique 
up to homotopy equivalence, see [8, Section 1.4] where the notation K{T, 1) is used 
to emphasize that -BF is an Eilenberg-MacLane space. We say that there is a finite 
model for BT if we can choose it to be a CW-complex with finitely many cells. If 
the group F has a finite model for BT, then the trivial ZF-module Z is of type FL [8, 
Proposition VIII. 6. 3]. Indeed, the cellular chain complex of the universal covering 
space of BT is easily seen to be a finite free resolution of Z. If F is infinite and the 
trivial ZF-module Z of type FL, then its L^-torsion can be defined. It is called the 
L^ -torsion of F and denoted by p^'^\T). Theorem 1.1 implies the following result: 
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Theorem 1.3. IfT is a non-trivial amenable group such that the trivial ZT -module 
Z IS of type FL, then p^'^\T) = 0. 

This confirms a conjecture of Liick, see Conjecture 9.24 in [45], Conjecture 11.3 
in [46] and the remark after Corohary 1.11 in [49]. Wegner [71] proved Theorem 1.3 
for elementary amenable groups using the structure theory of this class of groups. 
Our method is completely different and gives this result as part of a much larger 
picture. 

The distinction between having a finite model for BT and having the trivial ZF- 
module Z of type FL is rather subtle. If F has a finite model for BT, then F is finitely 
presented [28, Corollary 3.1.17] and the trivial left ZF-module Z is of type FL [8, 
Proposition VIII. 6. 3]. Conversely, Eilenberg-Ganea [23] and Wall [68, 69] proved 
that if F is finitely presented and the trivial left ZF-module Z is of type FL, then 
F must have a finite model for BT [8, Theorem VIII.7.1]. Note that Bestvina and 
Brady [1] have constructed examples of groups F for which the trivial ZF-module Z 
is of type FL but which are not finitely presented. These examples are not amenable. 
At the same time, [36, Corollary 1.2] says that every elementary amenable group F 
for which the trivial ZF-module Z is of type FL has a finite model for BT. 

In order to prove Theorem 1.2, we show a Szego-type approximation theorem for 
the Fuglede-Kadison determinant on the group von Neumann algebra of an amenable 
group. We prove a general approximation theorem for the Fuglede-Kadison determi- 
nant by determinants of finite-dimensional matrices, arising from a F0lner approxi- 
mation of F. The most classical such theorem was proved by Szego [64] for Toeplitz 
matrices and generalized as follows [62, Theorem 2.7.14]. 

Theorem. Let f be an essentially bounded M.>o-valued measurable function on the 
unit circle S^. Then, 



where n denotes the Haar probability measure on and Dn denotes the nxn-matrix 
with entries (-Dn)j,i = /gi f{z)z^~^dn(z). 

Following Deninger [18, Section 2], we interpret this result as an approximation of 
the Fuglede-Kadison determinant on the group von Neumann algebra of the group Z 
by determinants associated with F0lner sets {1, . . . ,n} C Z, see Example 2.2. Our 
generalization holds for every amenable group F, every F0lner sequence, and every 
positive element in the group von Neumann algebra of F. We refer to Section 2.3 
for the necessary definitions. 

Theorem 1.4. Let T be a countable discrete amenable group. Let g G M(i(?\fF) be 
positive. Then 

(1.3) detw^ = inf (det(^F))^ = lim(det(^F))^. 




FG5(r) 



F 
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For d = 1, this is a positive answer to a question of Deninger [18, Question 6]. 
To the best of our knowledge, this result is even new for F = and d = 1. A 
Szego-type result for essentially bounded, measurable matrix-valued functions on 
was known [62, Theorem 2.13.5]. 

We can use Theorem 1.1 to define the torsion of a countable ZF- module M to be 
the entropy of its Pontryagin dual; we denote the torsion of M by p(M). If M is 
finitely presented, this number is finite only if dimj^r(^r = (see Remark 

5.2) and thus can been understood as a natural secondary invariant for ZF-modules. 
We now can study the L^-torsion of a A-acyclic chain complex C* (see Section 6) 
and prove a Milnor-Turaev formula for L^-torsion. Since the L^-torsion turns out 
to be a homotopy invariant of the chain complex 6^,, it is natural to expect that it 
can be expressed in terms of the homology if*(C*) of the chain complex. We show: 

Theorem 1.5. Let T be a countable discrete amenable group. Let be a chain 
complex of finitely generated free left IjT -modules of finite length. Assume that 
is ^-acyclic (defined in Section 6.3) or, equivalently, that i'^(T) ®zr C* is weakly 
acyclic (see Section 2.6). Then p{Hi{C^)) < oo for all i E Z and 

p^'He*) = E(-i)>(^^(e*)). 

We expect that Theorem 1.5 will have interesting applications in algebraic topol- 
ogy. It shows that L^-torsion can be thought of as a generalized Euler characteristic 
where the role of the ordinary (L^-)Betti numbers is played by the torsion of the 
homology groups. 

Recently, the entropy theory has been extended to actions of countable sofic 
groups [4, 34], which include all countable amenable groups and countable resid- 
ually finite groups. The analogue of Theorem 1.2 for countable residually finite 
groups has been established for some special cases in [5, 6, 34], though the general 
case is still open. 

The paper is organized as follows: Section 2 deals with preliminaries on notation 
and gives a brief introduction to group rings, the Fuglede-Kadison determinant, 
amenable groups, entropy, the Euler characteristic, and L^-torsion. 

Section 3 contains a brief history of the approximation results of the Fuglede- 
Kadison determinant and our first main result: Theorem 1.4, the approximation 
theorem for the Fuglede-Kadison determinant. This section also contains a uniform 
estimate of the spectral measure near zero in case of a non- vanishing determinant. 
Proposition 3.7. 

Section 4 contains our second main result: Theorem 1.2, the computation of the 
entropy of principal algebraic actions in terms of the Fuglede-Kadison determinant. 
This section is the most technical one. We give a new formula for the entropy of 
a finitely generated algebraic action, this is Theorem 4.2. In Section 4.2, we give 
a proof of Theorem 1.2 in the positive case. Finally, we prove the general case of 
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Theorem 1.2 on the basis of a formula for entropy that was obtained by Peters, 
Theorem 4.10. 

The first part of Section 5 is concerned with the proof of Theorem 1.1. In Sec- 
tion 5.2 we give apphcations of Theorem 1.1. We prove Theorem 1.3 and show in 
Theorem 5.6 that the L^-torsion of every ZF-module of type FL, which is finitely 
generated as an abehan group, vanishes, if F contains Z as a subgroup of infinite 
index. Section 5.4 contains the definition of torsion for general ZF-modules. There, 
we prove the Milnor-Turaev formula; this is Theorem 1.5. 

Section 6 is a self-contained introduction to L^-torsion, assuming only the clas- 
sical work of Milnor [51]. We review the definition of Whitehead torsion. After 
introducing the Haagerup-Schultz algebra we define L^-torsion and show its main 
properties. The paper ends with acknowledgments. 

2. Preliminaries 

Throughout this paper F will be a countable discrete group with the identity 
element e. For any set X and (i G N, we write X'^^^ (resp. X^^'^) for the elements 
of X*^ written as column (resp. row) vectors. For any set X, we denote by £^(X) the 
Hilbert space of all complex-valued square-summable functions on X. 

For a Hilbert space if, we denote by B{H) the algebra of bounded linear operators 
on H, and by ||T|| the operator norm of T for each T G B{H). 

2.1. Group rings. For a unital ring R, the group ring RT is the set of finitely 
supported functions / : F — i?, written as / = J2ser /s*, with addition and multi- 
plication defined by 

^fsS + J29sS = Y.ifs + 9s)s and fss){Y, gtt) = J2 f^9tst. 
ser ser ser ser tev s,t£r 

The group F has two commuting unitary representations / and r on ^^(F), called 
the left regular representation and the right regular representation respectively and 
defined by 

{lsx)t = Xs-H and (r^x)t = Xts 

for s,t G F and x G ^^(F). The group von Neumann algebra J^T is defined as the 
sub-*-algebra of -B(£^(F)) consisting of elements commuting with the image of r. 
See [65, Section V.7] for detail. Via the left regular representation /, we identify CP 
as a sub-*-algebra of !NF. Consider the anti-linear isometric involution x ^ x* on 
e(T) defined by 

for all s G r and x G P{T). Then, P{T) is also a right NF- module with 



xf := {rxy 
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for all X G and / G 3\fr. This allows an identification of 'NT with the von 

Neumann algebra generated by the right regular representation, however, we do not 
need this fact. 



For d',d G N, we think of elements of Mrf/xd(3\IT) as bounded linear operators 
from {f {T)y^ to {f{T)y'''^. There is a canonical trace tr^^r on MaCNF) defined 
by 



for / = {f,,k)i<j,k<d e M,(?^r). One has tr^r(/^7) = tiMgf) for all f,ge M,{y^T). 



Furthermore, trj^ is faithful in the sense that trj^r(/*/) > for every nonzero 



For a finitely generated projective left [NF-module M, take q G Md([NfF) for some 
(i G N such that = q and (?\fF)^^"'g is isomorphic to M as a left JsfF-module. Then 
the dimension dimj^r M of M is defined as 



and is independent of the choice of q. For a general left NF-module M, its dimen- 
sion dimjvjT M is defined as the supremum of dimj,j-r M' for M' ranging over finitely 
generated projective submodules of M [46, Section 6.1]. This generalized dimension 
was introduced by Liick. It has found numerous applications in the computation of 
L^-invariants. We refer to [46, Section 6.1] for its basic properties. 

2.2. Fuglede-Kadison determinant. For a Hilbert space if, we say T G B{H) is 
positive, written as T > 0, if {Tx, x) > for all x E H . 

Let / G Mrf/xd(3\fr). Then ker/ is a closed linear subspace of (£^(r))'^^^ invariant 
under the right regular representation of F. Thus the orthogonal projection q^ from 
(£2(r))'^^i onto ker / lies in Mrf(KF). 

Let / G Mrf(!Mr) be positive. Then there exists a unique Borel measure /x/, called 
the spectral measure of f, on the interval [0, ||/||] satisfying 



for every one-variable real-coefficients polynomial p. In particular, /i/([0, ||/||]) = d. 
From Theorems 5.2.2 and 5.2.8 of [33] one has /i/({0}) = tij^riq/)- Since tij^r is 
faithful, /i/({0}) > if and only if ker / 7^ {0}. 

Let / G Mrf.x,(XF). Set |/| = (/7)'/' e M,{y{T) [33, page 248]. Then / and |/| 
have the same operator norm, and |/| is positive. The Fuglede-Kadison determinant 
detjvfr f of f [26] [46, Section 3.2] is defined as 



d 



tr^r/ = (fjd^^ 



/ G m,(:kf). 



dimj^r ^ = trj^rO', 



(2.1) 
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One may describe detjsfr / without referring to |/|. When / G Mrf(?sfr) is positive, 
one has |/| = /, and hence 

(2.2) det^r/ = exp logtrf^j(t)^ . 
For general / G Mrf/xd(3\IT), one has 

(2.3) det^r/ = (det^r(/7))'^'- 

Among the properties of detjsfr estabhshed by Fuglede and Kadison in [26, Section 
5], we mainly need the following 

Theorem 2.1. Let deN and f,g E Mrf(Xr). The following hold: 

(1) det>j-r(/fi') = detjvj-r/ ■ det^rS'- 

(2) det^r/ = detKr(/*). 

(3) If f >0, then det^r/ = infe>o detjsfr(/ + £)■ 

(4) Ifkev f ^ {0}, then /i/*/({0}) > 0, and hence det^r/ = 0. 

We also need the following result of Liick [46, Theorem 3.14.(3)] 

(2.4) det^(/7 + g;) = det^r(//* + g/*) 
for every / G Md,^d{^). 

Example 2.2. It is instructing to consider the case Y = TL^ for c? G N. Denote by 
A the Haar probability measure on the d- dimensional torus T"^. Fourier transform 
makes everything transparent: i^ilJ^) = L'^{T'^, A), K(Z'^) = L°°(T'^, A), and 

tr>j-(Z'i)/ = J^^ f{z) dX{z), detj^(zd)/ = exp (^J^^ log \f{z)\ dX{z)^ 

for all / G K(Z'^). 

2.3. Amenable groups. Denote by the set of all nonempty finite subsets of 
r. For K G 3^(r) and 5 > write 'B{K,6) for the collection of all F G 9^(1) such 
that \{t e F : Kt C F}\ > {1 - 6)\F\. The group F is called amenable if 'B{K, 6) is 
nonempty for every {K, 6) [12, Section 4.9]. Let F be a countable discrete amenable 
group. 

The pairs {K, 6) form a net A where [K', 6') >- {K, 6) means that K' ^ K and 
6' < 6. For a M- valued function ip defined on 3^(F), we say (p{F) converges to c G M 
as the nonempty finite subset F of F becomes more and more left invariant, denoted 
by limp = c, if for any e > 0, there exist K G 3'(F) and S > such that 

\ip{F)-c\<e 

for all F G 'B{K,6). Similarly, we define (p{F) converges to — oo or +oo as the 
nonempty finite subset F of F becomes more and more left invariant. In general, we 
define 

limsup V9(-F) := lim sup <^{F). 
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Let den. For F G 3^(r), we denote by lf the embedding {e{F)Y''^ (^^^^^^dxi 
and by the orthogonal projection {^{r)^'^ {P{F)y \ For g e Mdi'NT), we 
set 

(2.5) gF:=ppogoLpeB{if{F)Y'<'). 

For many purposes, properties of (7 G Md(?\fr) can be captured by properties of 
gp for F G 3^(r), as F becomes more and more invariant. The following striking 
result was proved by Elek [24]. 

Lemma 2.3. Let g G Md(Cr) C B{{e\T)Y''^). Then 



, , dimcker(^?,.) dime ker n (^^(F))'^^! 

trwrl^c,) = hm — = lim 



F \F\ F \F\ 

where qg denotes the orthogonal projection from (^^(r))"'^"'^ onto kei g. In particular, 
ifkerg^ {0}, then ker ^ n (Cr)'^^i ^ {0}. 

2.4. Entropy. We recall briefly the definition of entropy for actions of amenable 
groups. For more detail, see [53, 54, 70]. Let F a countable discrete amenable group. 

Consider a continuous action of F on a compact metrizable space X. For each 
finite open cover IX of X and F G 3^(F), denote by N{Vi) the minimal cardinality 
of subcovers of U and by IX-^ the cover of X consisting of flseF s~^Us for all maps 
F — )■ U sending s to Us- By the Ornstein- Weiss lemma [43, Theorem 6.1], the limit 
limiT' '°gj^(^ ) gjjjg|-g fQj, every finite open cover IX of X. The topological entropy of 
the action T r\ X, denoted by htop(X), is defined as 

logiV(U^) 



htop(X) = suplini' 

u F I 

for IX ranging over finite open covers of X. 

For any measurable and measure-preserving action of F on a probability mea- 
sure space (X, !B,/i), one can also define the measure-theoretic entropy, denoted 
by h.fj^{X). We omit the definition, and just mention that the variational principle 
says that for any continuous action of F on a compact metrizable space X, one 
has htop(X) = sup^h^(X) for fi ranging over all the F- invariant Borel probability 
measures on X. 

Let F act on a compact metrizable group X by (continuous) automorphisms. It is a 
theorem of Deninger that the topological entropy htop(X) and the measure-theoretic 
entropy h,y{X) for the Haar probability measure v oi X coincide [17, Theorem 2.2]. 
We call this common value the entropy of this action., and denote it by h(X). 

2.5. Euler characteristic. Let i? be a unital ring and G N. A left i?-module M 
is said to be of type FLk [8, page 193] if there exists a partial resolution — )■ M by 
finitely generated free left /^-modules of the form: 

(2.6) Cfc ^ ■ ■ ■ ^ Ci ^ Co ^ M ^ 0, 
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i.e. this is an exact sequence of left i?-modules and each Cj for < j < /c is a finitely 
generated free left i?-module. 

We say that a left i?-module is of type FL [8, page 199] if, for some k, it admits 
a resolution — M by finitely generated free left i?-modules of the form 

(2.7) ^ Cfe ^ ■ ■ ■ ^ Ci ^ Co ^ M ^ 0. 
Now we assume that 

(2.8) the free left i?-modules R'' and i?' are non-isomorphic for distinct /c, / G N. 

For any left i?-module of type FL, its Euler characteristic x(^) is defined as 
Y!j=o{~^y for any resolution — )■ M by finitely generated free left _R-modules 
as in (2.7), where dj is the rank of Cj. The assumption (2.8) and the generalized 
Schanuel's lemma [8, Lemma VIII. 4. 4] imply that x(^) does not depend on the 
choice of the resolution. 

Note that every field satisfies the condition (2.8). For any discrete group F, using 
the unital ring homomorphism ZF — )• Q sending X^ser fsS to X^ser fs one concludes 
that ZF also satisfies the condition (2.8). 

2.6. L^-torsion. The definition of L^-torsion is due to Carey-Mathai [10, 11] and 
Liick-Rothenberg [48]. All technical ingredients and properties are developed in 
great detail in [46, Chapter 3], see also [7, 9]. We concentrate on what is called 
cellular or combinatorial L^-torsion. Even in the combinatorial setup, the study of 
L^-torsion involves complicated functional analysis. 

For a finitely generated free left ZF-module C with rank rf, by choosing an ordered 
basis of C, we may identify ^^(r) C with the Hilbert space [l'^{V)Y^^. Though 
the inner product depends on the choice of the ordered basis of C, the resulting 
topology on £^(F) C is independent of the choice of the ordered basis. For a (not 
necessarily exact) chain complex of finitely generated free left ZF-modules of the 
form 

we say that the chain complex £^(F) ®iy C*, i-e. 

(2.9) e, ■ ■ ■ eiV) e, eiV) Co 0, 

is weakly acyclic [46, Definition 3.29] if ker(l ® dj) is equal to the closure of im(l (g) 
dj+i) for all < j < k. In such case, we choose an ordered basis for each Qj, and 
identify Gj with (ZF)^^^:'. For each 1 < j < k, let fj E Md^xd,_i(Zr) such that 
dj{x) = xfj for all x G (ZF)^^'^^. The L"^ -torsion of C* is defined as [46, Definition 
3.29] 

P^'He*) := ;.E(-l)^"''logdet^r(/;/, +g/,), 
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where qj^ denotes the orthogonal projection from (^^(r))'^^^^^^ onto ker/j. For a 
chain complex of finitely generated free left ZF-modules of the form 



the weak acyclicity of the chain complex (?{T) ®iv C* also requires that 1 ® dk is 
injective. 

If a left ZF-module M is of type FL and some resolution — ?■ M of M by finitely 
generated free left ZF-modules as in (2.7) is weakly acyclic, we define the L'^-torsion 
of M to be p(^)(M) := p(^)(e*). The results in [46, Chapter 3] imply that when 
F satisfies the determinant condition (Definition 6.3), p^'^\'M) does not depend on 
the choice of the resolution C^, and the ordered basis for each Cj. In Section 6 we 
shall give a more algebraic proof of this fact. In the case F is amenable, this follows 
directly from Theorem 1.1. 



3.1. Review of known results. The approximation properties of the Fuglede- 
Kadison determinant (and its ancestors) by determinants of associated matrices 
have attracted a lot of attention over the last century. 

The most interesting applications arise if for / G ZF with F residually finite, 
detjvfr / can be approximated by determinants of the image of / in the group ring 
of finite quotient groups of F [46, Question 13.52]. Unfortunately, positive results 
are rare and only known in the simplest cases, where they are already non-trivial 
to prove. Denote by 7r„: C[Z] — )■ C[Z/?7,Z] the natural map induced by reduction 
modulo n. Schmidt showed that, in terms of the notation of Section 2.2 and Exam- 
ple 2.2, 



for elements in the group ring Q[Z] of Z with coefficients in the field of algebraic 
numbers [61, Lemma 21.8], see also [46, Lemma 13.53]. The proof relies on a the- 
orem of Gelfond in number theory. Later, Liick gave an example of some element 
in C[Z] for which the corresponding approximation fails [46, Example 13.69]. The 
corresponding number theoretic results for F = Z'^ have been identified and are 
open, see [40, Section 9]. For the most recent progress in the case F = Z*^, see [41]. 
Given Liick's example, the approximation of the Fuglede-Kadison determinant by 
determinants of matrices was considered to be difficult in general. General approx- 
imation results with respect to finite quotients exist - and are easy to prove - if 
one assumes invertibility in the universal group C*-algebra [34, Theorem 7.1]. For 
F being a finitely generated residually finite group and / G ZF being a generalized 
Laplace operator, the approximation result was proved by Lyons [50]. 

The approximation of the Fuglede-Kadison determinant by restrictions on F0lner 
sets has an even longer history and dates - in the case F = Z - back to Szego [64]. 
Szego's original result assumed invertibihty of the positive function / G L°°{S^), 



^ ^ ■ ■ ■ 4 Ci 4 Co 4 0, 



3. Approximation of the determinant 
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which makes computations much easier. However, Szego's Theorem was extended 
[62, Theorem 2.7.14] to all non-negative essentially bounded functions on 5*^. We 
refer to Simon's book [62, Chapter 3] for the complete history. This opened up 
the possibility and expectation that the approximation by restriction on F0lner sets 
could behave much better than one would expect at first. Theorem 1.4 confirms this 
expectation and generalizes this result from the case F = Z to all countable discrete 
amenable groups. 

3.2. Approximation using F0lner sequences. In the rest of this section F will 
be a countable discrete amenable group. We prove four lemmas in order to prepare 
for the proof of Theorem 1.4. First of all, we need the following simple observation 
of Deninger [18, Lemma 3]. 

Lemma 3.1. Let g e Md(XF) be positive. Suppose that ker g n (CF)''^^ = {0}. 
Then, for every F G 3^(F), gp: {f{F)y^ (£2(F))<^^i is mvertihle. 

The key observation for us is the following classical result of Gantmacher and 
Krem [27, page 96] (see also [30, 35]). For convenience, we include a proof of this 
lemma following [35]. 

Lemma 3.2. Let X and ^ he finite sets. Let g G i?(£^(X U '^)) he positive and 
invertihle. For any nonempty finite subset £ of X U define g^ = Pb. ° 9 ° G 
i?(£^(£)), where p^ denotes the orthogonal projection £^(X U V) — )■ ^^(£) and 
denotes the embedding ^^(£) — )■ £^(X U y). Set det{g^) = 1. Then 

det{gxu))) ■ det{gxn]i) < det{gx) ■ det{gy). 

Proof. First of all, we note that for a positive definite matrix 



we have that a G M„(C) and c G Mm(C) are invertible. Indeed, if t > 5 for some 
constant e > 0, then a,c> e. Moreover, we have: 



and the inequality in (3.1) follows since c > c — b*a ^b > 0. Consider the positive 
definite matrix 
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with 

( a h\ , f a c 

giny = a, gx= r , and ^fy 



b* d)' \c* 

Now, the equahty 

1 0\ /a 6 c\ /I -a-^^h -a~^c\ /a 

6*a-i 10)(6*de)(o 1 1= d-b*a~^b e-b*a~^c 

c*a~^ ij \c* e* fj \0 1 / Vo e* - c*a-^b f-c*a^^Cy 

shows that 

( d-h*a~^h e-h*a~'^c' 
det(^7xuy) = det(^7xny) ■ det (^^, _ ^.^.^^ ^ _ ^.^.^^^ 

But, using (3.1) three times, we see 

yZ'^t) S det(<i-ra-'i).det(/-c-a-'.) 

det(5(x) det{gy) 



det(5fxny) det{gxn]j) 

This finishes the proof. □ 

We also need the following result from [53], see Definitions 2.2.10 and 3.1.5, Re- 
mark 3.1.7, and Proposition 3.1.9 of [53]. For convenience, we include a proof 
following [14]. 

Lemma 3.3. Let (p be a M.-valued function defined on 3^{T) U {0} such that 

(1) ^(0) = 0; 

(2) ^{Fs) = ip{F) for all F e 3^(1) and s e T; 

(3) ifiiFi U F2) + ifiFi n F2) < v^(Fi) + if{F2) for all Fi, F2 G J(r). 
Then 

F \F\ F&{r) \F\ 

Proof We show first that if F, Fi, . . . , e 3^(1) and Ai,...,Am e (0,1] with 
lF = E"LiAilF,, then 

(3.2) y,(F)<^A,^(F,). 

Consider the partition of F generated by Fi, . . . , F^. Take 

^ = Ko^K,^---^K^ = F 

such that Ki\Ki-i is an atom of this partition for each 1 <i <n. For each 1 <i <n 
take Si & Ki \ Ki^i. For any 1 < i < n and 1 < J < "m, either Fj fl (i^j \ /iTj.i) = 
or Ki_i U [Ki n Fj) = i^j, and hence from the condition (3) one always has 

(3.3) lF^{si){^{Ki) - ^{K^-i)) < If^{s,){v{K, n F,-) - ^{K,,^ n F,-)). 
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Then 



i=l 
n m 



i=l j=l 



m n 



j=i i=i 

(3 3)™ " 

j=i i=i 

m 

as desired. 

To prove the lemma, it suffices to show 

(3.4) limsup^<^ 

for every K G 3^(r). Let K G 3^(r). By the condition (2) we may assume that 
e & K. Denote by C the maximum of ^p{K') for K' ranging through the nonempty 
subsets of K. For any F G 3^(r) we have 

If = TJTT E ^KsnF, 

and hence by (3.2) we get 



^(^)<r^ E ^(KsnF) 



= ^ E V'(^^^nF) + ^ E ^{KsnF) 

l-*^ I KsCF l-*^ I Ks<^F,KsnF^il) 

< 4^ ■\{ser\KsCF}\ + -^-\{ser:Ks^F,KsnFy^(!}}\. 

\K\ \K\ 

When F G 3^(r) becomes more and more left invariant, we have ^|{s G F : Ks C 
F}| ^ 1 and G F : ^ F, i^sHF 7^ 0}| ^ 0. It follows that (3.4) holds. □ 

The following result of Deninger [17, Theorem 3.2] is also needed for the proof. 
Though he proved it only for the case d = 1, his argument works for general o? G N. 
For a proof see Remark 3.9. 
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Lemma 3.4. Let g G MdCNT) be positive and invertible. Then 

1 

dety^g = lim(det(5fF)) i-^'i . 

We are ready to prove Theorem 1.4. 

Proof of Theorem 1.4. Let h E MaCNT) be positive such that ker /in(Cr)'^^^ = {0}. 
Define : J(r) U {0} ^ M by ^(F) = log det(/iir), where we set det(/i0) = 1. Then 
(^(0) = and if{Fs) = if{F) for all F G 3^(1) and s G L. By Lemmas 3.1 and 3.2 
we have v9(Fi U Fa) + n Fa) < (/?(Fi) + (/^(Fa) for all Fi, Fa G ^^(1). Thus by 
Lemma 3.3 we have 

logdetf/i^;^) . „ logdetf/iir) 
hm — = mr — , 



FeJ(r) 



equivalently, 



(3.5) lim(det(/zir))M = ^inf^^(det(/iF))M. 

For any e > 0, since g + e is invertible in [NT, by Lemma 3.4 we have 

(3.6) detMg + e)= \im{det{{g + e)^))^. 
From Theorem 2.1 we have 

det^rfl' = inf detHr(5' + ^) 

e>0 



(3J) 
(3.5) 



inflim(det(((7 + £)F))l^l 

inf inf (det((g + e)F))^ 

= inf inf(det((o + £)F))t^ 

inf (det(^ir))M, 

establishing the first equality in (1.3). 

If kergf n (Cr)*^^^ = {0}, then taking h = g in (3.5) we get the second equality 
in (1.3). Thus assume gx = for some nonzero x G (CF)'^^^. Since ker^f 7^ {0}, 
by Theorem 2.1 we have det]vr(5') = 0. Denote by K the support of x as a C^^^- 
valued function on F. Then K G 3^(F). Let F G S(i^', 1/2). Then we can find 
some s G F such that Ks C F. Now xs is a nonzero element of (£^(F))'^^^, and 

g{xs) = {gx)s = 0. It follows that gpixs) = pF{g{xs)) = 0. Thus gp is not injective, 

1 

and hence det^gp) = 0. In particular, limir(det((7F)) = = detwrS'- D 

Remark 3.5. Denote by the unit circle in the complex plane. A normalized 
unitary 2-cocycle of F is a map a : F x F — )■ 5^, such that 

a(si, S2)a(siS2, S3) = a{si, 32^3)0(^2, S3), a{si, e) = a{e, si) = 1, Vsi, S2, S3 G F. 
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Let a be a normalized unitary 2-cocycle of T. Then one has the twisted left and 
right unitary representations and of F on i^{T) defined by 



for s,t G r and x G ^^(r). The twisted group von Neumann algebra 'Na^ is defined 
as the sub-*-algebra of B{i'^(r)) consisting of elements commuting with r^. The 
twisted group algebra CqF is the ring with underlying vector space CF and associative 
multiplication determined hj s ■ t := a{s,t)st for s,t G F. Via 1^, we identify 
Cq,F as a sub-*-algebra of K^F. Taking si = = s and S2 = one obtains 
a{s,s~^) = a{s~^,s) for all s G F. Then one still has the trace tr>f^r and the 
Fuglede-Kadison determinant det>j-^r defined, in exactly the same way as trj^r and 
detjvfr are. 

When a is the constant function 1, KoF is simply JsfF. An interesting example 
of a twisted group von Neumann algebra arises already for and the cocycle 
: X — )• given by ag{{ni,n2), (mi, 7712)) := exp{2ni9{nim2 — n2mi)) for 
^ G M. When 6 is irrational, Jiag'^ is the hyperfinite Ili-factor [3, Corollary 1.16]. 

Lemmas 3.1 and 3.4 and Theorems 2.1 and 1.4, and their proofs all work with KF 
replaced by ^sf^F. 

3.3. Estimates on the spectrum near zero. 

Notation 3.6. For any positive g G Md(?sfF), F G 5'(F), and k > 0, we denote 
by ^g,F,K the product of the eigenvalues of gp in the interval (0, counted with 
multiplicity. If gp has no eigenvalue in (0, k], we set ^g^p^K = 1- 

Using Theorem 1.4 we shall prove the following result, describing the asymptotic 
behavior of under the condition that detj^rf? > 0. 

Proposition 3.7. Let g G Afd([NfF) be positive with detj^rfi' > 0. Let A > 1. Then 
there exists < k < min(l, ||5f||) such that 

limsup(^3,^,«)"^ < A. 

F 

To prove Proposition 3.7 we need some preparation. 

Let g G Mrf([NF) be positive and F G 5'(F). Denote by tip the C-valued trace on 
B{{i'^{F)Y^^) normalized by tri7'(l) = d. Then there exists a unique Borel measure 
fig,p, called the spectral measure of gp, on the interval [0, \\gp\\] C [0, \\g\\] satisfying 



for every one-variable real-coefficients polynomial p. In particular, ^g^p{[0, \\g\\]) = d. 
More explicitly, for any t G [0, \\g\\], one has 

/ r T \ multiplicity of t as an eigenvalue of gp 



{L,sx)t = s H)xs~H and (ra,^sx)t = a(ts, s 



-.s 



(3.7) 
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Lemma 3.8. Let g G Md(Kr) be positive and non-zero. Let < k < mm{\\g\\, 1). 
Then 

rhW rhW 
limsup / logt dfig^pit) < / ^ogt diig{t). 

F J K,+ ' Jk+ 

Proof. By a result of Liick, Dodziuk-Mathai, and Schick [44] [22, Lemma 2.3] [60, 
Lemma 4.6] [46, Lemma 13.42], one has 

trMr(p(^)) = \imtTF{p{gF)) 

F 

for every one- variable real-coefficients polynomial p. In view of (2.1) and (3.7), this 
means 

(3.9) p{t) dfigit) = lim p{t) dfig,F{t). 

Jo F JO 

By the Stone- WeierstraB approximation theorem, the space of one-variable real- 
coefficients polynomial is dense in the space of real-valued continuous functions on 
the interval [0, ||5'||], under the supremum norm. Thus (3.9) holds for every real- 
valued continuous function p on [0, \\g\\]. That is, the net {/ig,^}^ converges to /ig 
weakly, as F G 3^(r) becomes more and more left invariant. Then one has 



h{t) dfig(t) > limsup / h{t) d^g^Fit) 
F Jo ' 



for every real- valued upper semicontinuous function h on [0, \\g\\] [2, page 24, Exercise 
2.6]. 

Set h{t) = for t G [0, k] and h{t) = logt for t G (k, ||5'||]. Then /i is a real-valued 
upper semicontinuous function on [0, \\g\\]. Therefore 

fWaW r\\y\\ 

/ \ogtdng{t)= h{t)dfLg{t) 

Jk+ jo 

rWaW 

> limsup / h(t) dfig F(t) 

F JO 

fhW 

= limsup / logt dfig p{t). 

F Jk+ 

□ 

Remark 3.9. Note that once the weak convergence lim^;' ^g^p = fig has been estab- 
lished. Lemma 3.4 is an immediate consequence. Indeed, if g > e for some constant 
e > 0, then the support of fig p is contained in [e, \\g\\] for all F. This implies the 
lemma, since the function t h-)- log t is continuous and bounded on this interval. 

We are ready to prove Proposition 3.7. 
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Proof of Proposition 3.7. Because /q^" logt = logdetj^rfi' > —oo, we can find 

some < K < min(l, ||5f||) such that 

/ logtdfig{t) > - log A. 

Since detj^rfi' > 0, by Theorem 2.1 we have ker^f = {0}. Let F G 3^{T). By 
Lemma 3.1 we get that qf is injective. From (3.8) we have 

log %^F,K logdet(^jr) fM 
\F\ — " \F\ i+ 

From Theorem 1.4 and Lemma 3.8 we get 



log %,f,k\ _y ( log det {qf 



F \ -r / F 



lim sup ( ^ ' I = lim sup ( — h j logt 



< 



lim (— ^^^^^^^^ \ _|_ linisup ( logt dfig^pit) 

F \ \F\ J rn>oo Jk+ 

- log detj^rfi' + / log tdfig{t) 

f\\g\\ fhW 

- / lOgtdfig(t)+ / log tdfigit) 

Jo J K.+ 



= - f logtdfig{t) < log A. 
Jo 

□ 

Remark 3.10. Proposition 3.7 and its proof also work in the twisted case. 

In order to apply Proposition 3.7, we need to know which g G Mrf([NT) has 
strictly positive determinant. Schick showed that this is the case for g G Mct{'LT) 
with ker^f = {0} [60, Theorem 1.21] [46, Theorem 13.3]: 

Lemma 3.11. For any g G M(i{1'T) with laei g = {0}, one has det^rfl' > 1- 

Though Lemma 3.11 is sufficient for our proof of Theorems 1.2 and 1.1, we note by 
passing a slightly more general result from [21]. Denote by Q the algebraic closure 
of Q in C, i.e. the field of algebraic numbers. 

Lemma 3.12. For any g G Afrf(Qr) with ker g = {0}, one has detj^rO > 0. 

Proof Since det^r^? = idetM9*9)y^^ ^eTig*g) = ker g = {0}, and g*g G Mrf(Qr), 
we may assume that g > 0. 

Multiplying g hj a. suitable positive integer, we may assume further that g G 
Mrf(Or), where C Q denotes the ring of algebraic integers in Q. The coefficients 
of g are contained in a finite Galois field extension of Q and we denote by G its 
Galois group. We write g = J2seK OsS with gg G AI^^O), where K gT is the support 
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of g. Let C > be an upper bound for ||cr(5fs)|| for all s ^ K and cr G G. Note that 
\W{gF)\\ < C\K\ for all F e J(r), and hence | det{a{gF))\ < {C\K\Y\^\. 

Note that Yicrf^G o'{det{gF)) G Z as it is a Galois invariant algebraic integer. 
Since gp is invertible by Lemma 3.1, one has det{gp) ^ and hence det((j((7i7')) = 
(T(det((7i?)) 7^ for all a G G. Then Oo-gg C"(det(5'i7')) ^ 0, and we conclude 

n k(det((?p))| > 1. 

crSG 

Now, |a(det(^^))| < [C\K\Y\^\ for all a G G and we get 

det((7^) > (G|J^|)-'^I^I(1«I-^). 
From Theorem 1.4 we conclude that 

dQij^g = ^inf^^det(^^)M > (G| A'l)-'^(l^l-i) > 0. 

This finishes the proof. □ 

We are unable to settle the following question: 
Question 3.13. Do we have detKrS' > for all g G Md{CT) with ker^f = {0}? 

4. Entropy and determinant 

In this section we prove Theorem 1.2. Throughout this section F will be a count- 
able discrete amenable group. 

4.1. A formula for entropy of finitely generated algebraic actions. In this 
subsection we prove Theorem 4.2, giving a formula for the entropy of finitely gen- 
erated algebraic actions in terms of approximate solutions to the equations defining 
the algebraic action. 

Let 6* be a continuous pseudometric on a compact metrizable space X. For e > 0, 
we say that W C X is {6, e)-separated if 6{x, y) > e for all distinct x, ?/ G W. Denote 
by Ns{X,6) the maximal cardinality of (^, e)-separated subsets of X. 

Let F act continuously on X. We say that 6 is dynamically generating if for any 
distinct x,y E X one has 9{sx,sy) > for some s G F. For each F G 3'(F), we 
define continuous pseudometrics 9f,2 and 9p^oo on X by 

(4.1) eF,2{x,y)=(r^Y.i(^{sx,sy))' 

\ I I s€F 

(4.2) 6Fr^{x,y) = max6{sx,sy). 

The following result says that the topological entropy of the action can be calcu- 
lated using Ne{X,9F,2) or Ne{X,9F,oo), for any dynamically generating continuous 
pseudometric 6 on X. The formula in terms of N^{X, 6f,oo) was proved by Deninger 
[17, Proposition 2.3], and the formula in terms of N^{X, 6f,2) is in [39, Theorem 4.2]. 
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Lemma 4.1. Let T act on a compact metrizable space X continuously, and let 9 he 
a dynamically generating continuous pseudometric on X. Then 

htopl,-^) = suplimsup — = supiimsup — . 

e>0 F \F\ e>0 F \F\ 

For any countable left ZF-niodule M, we denote by M the Pontryagin dual of 
the discrete abelian group M. The left ZF-module structure on M corresponds to 
an action of F on the discrete abelian group M by automorphisms, and induces a 
natural action of F on the compact metrizable abelian group M by (continuous) 
automorphisms. 

Let e N. We may identify ((M/Z)'^^^)^ with (ZF)^ naturally through the 
pairing {ZTf"^ x ((M/Z)'^^^)'^ ^ M/Z given by 

= (/x)e, 

where fx G (M/Z)'" is defined similar to the product in ZF: 



t,j- 



s&r,i<j<d 

It is easy to check that the induced natural F-action on ((M/Z)'^^^)'", denoted by a, 
is given by 

((Ts(x))i = Xts 

for X G {{R/ZY''Y and s,t G F. 

Consider the following metric on M/Z: 

i){x + Z, ?/ + Z) = min \x — y — z\. 
Using ■}} we define two metrics •&2 and i)aD on (M/Z)'^^^ by 

^ooix,y) = max i9{xj,yj), 

for X = {xj)i<j<d and y = {yj)i<j<d in {R/ZY^^. Via the coordinate map at e, we 
shall also think of both and ^9oo as continuous pseudometrics on ((M/Z)'^^^)^, i.e. 

1^2{X, y) = '&2{Xe, ye), 1^oc{x, y) = l^ociXe, ye)- 

It is clear that both '^2 and -i^oo are dynamically generating on ((M/Z)'^^^)'". For 
any F G ?'(F), we shall write 'dF,2 and 'dF,oo for {'d2)F,2 and ('i9oo)F,oo respectively. 
Explicitly, for x = {xsj)sGr,i<j<d and y = {ys,j)ser,i<j<d in ((M/Z)'^''^)^, one has 

1 

(4.3) ^F,2{^,y) ={;7rEr^ E {^{xs,j,ys,j))' 

'^1-^ I s&F,l<j<d 
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(4.4) '&F,oo{x,y) = max {}{xs,j,ys,j)- 

sGF,l<j<d 

If X is a closed r-invariant subgroup of ((M/Z)'^^^)'", then from Lemma 4.1 we get 

(4.5) n(A ) = sup lim sup — = sup lim sup — 



e>0 F \-f I e>0 F \F\ 

Let J be a (possibly infinite) subset of (ZF)^^''. We denote by Mj the ZF- 
sub module of (ZF)^^"^ generated by J, and set 



(4.6) Xj = (ZF)ixVMj = {xe {(R/ZY''^y : fx = for all / G J}. 
For F e 3^(F), we set 

(4.7) Xj^F = {xe ((M/Z)*^^!)^ : /x = on F for all / G J}. 
The following theorem is the main result in this subsection. 

Theorem 4.2. Let J C (ZF)^^'^. Then 

ufv \ r \ogN^{Xj^F,'&F,oc) 
h(Aj) = suplimsup — . 

e>0 F \F\ 

Theorem 4.2 follows from (4.5) and the lemma below. 
Lemma 4.3. Let J C (ZF)^^'^ and e > 0. Then 
(4.8) 

\0gNUXj,F,^F,oo) loglUXj^^F^ ^ y \ogN,{Xj,F,^F,oo) 

lim sup — < hm sup — < lim sup — . 

F \F\ F \F\ F \F\ 

In order to prove the previous lemma, we need the following quasitiling result of 
Ornstein and Weiss [54, page 24, Theorem 6] [39, Theorem 8.3 and Remark 8.4]. 

Lemma 4.4. Let e > and K G 5'(F). Then there exist 6 > and K', Fi, . . . , G 
5'(F) such that 

(1) Fj G 'B{K,e) for each 1 < j < m; 

(2) for any A G 'B{K',6), there are finite subsets Di, . . . , of T such that 
iji<j<m FjDj C A, the family {FjCj : 1 < j < m,Cj G Dj} of subsets of T 
are pairwise disjoint, and \ [Ji<j<m FjDj\ > (1 — £^)|^|- 

We are now ready to prove Lemma 4.3. Let us first sketch the idea of the proof 
of Lemma 4.3 briefly. While the second inequality is obvious, the first relies on a 
quasi-tiling argument using Lemma 4.4. The limit superior on the left side is almost 
realized by sets which become more and more left invariant and can all be tiled 
with a fixed precision by finitely many fixed tiles. There are plenty of approximate 
solutions on certain right translation of the more and more left invariant set, being 
sufficiently separated on one of the tiles. We arrange the right translation of the 
more and more left invariant sets to exhaust the group F. Then the approximate 
solutions converge to precise solutions. 
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Proof of Lemma 4-3. Since Xj C Xj^p for every F G 3^{T), clearly the second in- 
equality in (4.8) holds. 
Note that 

(4.9) NM^/^)''''f, ^F,oo) < (1 + e-'f^^ 

for all e > and F e J(r). 

Set C = limsup^ iogjVfe(^^.F,i?F.oo) ^ r,.^ ^^^^ ^-^^ g^^^ inequality in (4.8) it 

suffices to show that for any rj > 0, K E 3^{T) and 6 > there exists F G 23(A', 6) 
such that 

(4.10) logiVe(^.,^.,oo) ^ ^ _ 

|i^| 

Let 7] > 0, K e 3'(r) and 5 > 0. We may assume that C - 2r] > 0. Take 5i > 
such that (1 + (2e)-i)2'5i'^ < exp(r/). 

By Lemma 4.4 there exist 6' > and K', Fi, . . . , G 3^{T) such that 

(1) Fj- G S(i\:, 5) for each 1 < j < m; 

(2) for any A G S(K',5'), there are finite subsets Di, . . . ,Dm of F such that 
Ui<j<mF'jDj C A, the family {FjCj : 1 < j < m, Cj G -Dj} of subsets of T 
are pairwise disjoint, and | Ui<j<m -^j-Djl > (1 — ^i)|^|- 

Enlarging K' if necessary, we may assume that e G K'. 

Take an increasing sequence {e} E Ki (1 K2 C . . . of finite subsets of F such that 
their union is F. 

Fix G N and take B G 'B{KnK', min((5i, 6')) such that 

(4.11) logiV4.(X,p^^,^) 

Set A = {s G 5 : C B}. Since /sT^i^'' D Kr,, one has |A| > (1 - 5i)\B\. 

Furthermore, 

\{seA: K's C A}\ = \{seB: K^K' s C > (1 - 5')\B\ > (1 - (5')|A|. 

Thus A G S(ii'', 5'). Then we have finite subsets Di, . . . , D„i of F as above. 
Set = E \ Ui<i<m i^i^i- Then 



\W\ = \B\A\ + 



A\ U 



< < 2(5i|fi|. 



From (4.9) we have 

(4.12) iV2.(Xj,B, Voo) < (1 + {2ery\'^\ < (1 + (2£)"i)2^^^l^l < eM\B\v)- 

Let Wj cj (resp. W^y) be a 2e-separated subset of Xj^ under '(9f,cj,oo for every 1 < 
j < m and Cj G -Dj (resp. under '(?vk,oo)- Also let be a 4e-separated subset of Xj^b 
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under 'dB,oo- For each x G W^, we can find a point ^{x) in W^y x Y{i<j<m,cjeDj '^j,cj 
such that 

'&w,oo{,x,Lp{x)w) < 2e, and ^F,c,,oo{x,(f{x)j^c,) < 25, VI < j < m,Cj G Dj, 

where (p{x)w denotes the coordinate of ip{x) in Ww and (p{x)j^cj denotes the coor- 
dinate of (p{x) in y^j.cj- Since B is the union of FjCj for 1 < j < m, cj G -Dj and IV, 
we have 

'&B,oo{x, y) = max <^ ^w,oo{x, y), max max -dp^c^ooix, y) \ 

for all X, y G ((M/Z)^^!)^. It follows that the map <^ : W^j ^ WvKxni<i<m,c,6Z), ^j,c, 
is injective. Therefore 

(4.13) N^e{Xj^B:'&B,oo)<N2,{Xj^B:'&W,oo) \{ I] ^2.(^J,B, ^F,c„oo) 

^Texp(|5|77) n n Ar2e(Xj,B,^F,c„oo). 

From (4.13) and (4.11) we get 

n n N2e{Xj,B,^F,c„oo)>exp{\B\{C-27])) 

>exp((C-2r/) ^ |F,c, 

and hence we can find some 1 < jn ^ and C(„) G -Dj„ such that 

iV2.(Xj,B,^F,„c(„),oo) > exp((C - 2r/)|F,„C(„)|) = exp((C - 2r/)|F,J). 

Note that (Ts(Xj,ir^) = Xj^p and ^9^,00(0-5(2;), (Ts(i/)) = '&Fs,oo{x,y) for all s G T, 
F G J(r) and x, y G ((M/Z)'^^!)^. It follows that 

iV2e(^j,Bc- ,%.oo) = A^2.(^j,B,^F,„C(„„oo) > exp((C - 2r;)|F,J). 

Note that if Bi C B2 are in 3'(r), then Xj_b2 ^ ^j,-Bi- Since -Bc^^) ^ ^nFj^, we 
have C Xj^k„f,^ ■ Therefore 

iV2.(Xj,i.„F,„,^F,„,oo) > iV2e(X,,^,-i ,^^^„,oo) > exp((C - 2r/)|F,J). 

(ri) 

Passing to a subsequence of {-R'njngN if necessary, we may assume that j„ does 
not depend on n. Set F = Fj^. Denote by M the smallest integer no less than 
exp((C - 2ri)\F\). Then F G 'B{K,S) and 

iV2.(Xj,X„F,^F,oo) >M 

for all n G N. 

For each n G N, take Xn,i, • • • , a;„,Af in Xj,k„f such that 

F,oo^Xn,i-, Xn^j) ^ 2^ 
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for all 1 < i < J < M. Then fxn,i = on KnF for all n G N, 1 < i < M, and 
f E J. Since {(R/ZY^^)^ is a compact metrizable space, passing to a subsequence 
of {Kn}neN if necessary, we may assume that, for each 1 < z < M, the sequence 
Xn,i converges to some Xi in ((M/Z)'^^^)^ as n — oo. Since 19^,00 is a continuous 
pseudometric on ((M/Z)'^^^)'", we have 

^9F,oo(a;i,X,) = lim ^F,oo{Xn,i,Xn,j) > 25 

for all 1 < z < J < M. Note that the map {{R/Zy^y ^ (R/Z)^ sending x to fx 
is continuous for every / G (ZF)^^'^. Thus for each 1 < i < M one has 

= lim fxn,i = 
for all f & J, and hence G Xj. Therefore 

iV.(^j,^F,oo) > M > exp((C - 2r])\F\), 
establishing (4.10). □ 

4.2. The positive case. In this subsection we prove Theorem 1.2 in the case / G 
Md(Zr) is positive in MaiJ^T) with ker/ = {0}. 

Lemma 4.5. Lei / G MdiZT) he positive in MdiJ^T) with ker / = {0}. Then 

h(X/) = logdetwr/- 

To show h.{Xf) < logdetj^r/, "we apply the method used first in [6] for the case T is 
a finitely generated residually finite group and / is a generalized Laplace operator. 
For any set X, we denote by i^{X) the Hilbert space of all real-valued square- 
summable functions on X. 

Lemma 4.6. Let X be a nonempty finite set, and T G B{£'^{X)) be injective and 
positive. For each r] > denote by Bn the closed unit ball in ^r(X) with center and 
radius ?7|X|^/^. Let < k, < 1/2. Denote by the product oj the eigenvalues ofT 
in (0, k] counted with multiplicity. If T has no eigenvalue in (0,k], we set = 1. 
Then iVi(T-HS,/4), || ■ ||2/|X|V2) < ^/^^^ 

Proof. Denote by V the linear span of the eigenvectors of T in i'^{X) with eigenvalue 
no bigger than k, and by P the orthogonal projection of i^{X) onto V. 
Note that for each x G i'^{X) one has 

\\Tx\\l = \\T{Px)\\l + \\T{x - Px)\\l > \\T{x - Px)\\l > k^x - Px\\l. 
Thus ||x - Px||2/|X|i/2 < gygry x G T~\B^/i). 

Let W be a 1-separated subset of T^^^B^/^) under || ■ ||2/|X|^/^ with 

N,{T~\B,/,),\\-h/\X\'/') = \W\. 

For any distinct x, y in W, one has II (x -y)- P{x - y)\\2/\X\^'^ < 1/2, and hence 
||Px-Pi/||2/|X|i/2>l/2. 
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For each z G P(W), denote by B-^ the closed ball in V centered at z with radius 
1/4 under || ■ ||2/|X|"^/^. For each z G P(W), say z = Px for some x G W, one has 

||T2||2/|X|i/2 = \\TPx\\2/\X\^'^ = ||PTx||2/|X|i/2 < ||Tx||2/|X|i/2 < k/4. 

Note that ||Ta;||2 < ^^ll^^lb for all x eV . Thus every element in T[[jzePON) B^) has 
II ■ ||2/|X|"'"/^-norm at most k/2. 

Denote by E the multiset of all eigenvalues of T in (0, n] listed with multiplicity. 
Then we can find a basis of V under which the matrix of T|y is diagonal with the 
diagonal entries being exactly the elements of E. Thus the volume of T(Uzgp(w) B^) 
is det(T|y) = riiGE^ times the volume of [jzePCW) Bz- Since the balls B^ for z G 
P(W) are pairwise disjoint, we have 



iwi < 



t&E 

Therefore 



N,{T~\B,/,), II ■ ||2/|X|i/2) = |W| < n t'' = 1/^.- 

□ 

We need the following well-known fact (see [63, Lemma 4] or [39, Lemma 3.1]). 

Lemma 4.7. Let n G N and let T : C" — )■ C" 6e an invertible linear map, preserving 
Z". Then |detT| = |Z7TZ"|. 

For / = {fs,j,k)ser,i<j<d',i<k<d e Md'xd{^^), we set 

ll/lli = E E E \fs,j,kl 

sGF l<j<d' l<k<d 

For g = {gsj)ser,i<j<d G (M'^''^)^, we set 



sup I 

s&T,l<j<d 



and 



11^^112 = (E E 1^./)^/^- 

ser i<j<d 

For a finite set X, we denote by Z[X] the set of all Z- valued functions on X. For 
any subset A' of F, we identify (M'^^^)^ with the set of elements in (M*^^^)^ with 
support contained in K. 

For any / G Md'xdC^^), let J be the set of rows of /, then from (4.6) we have 

(4.14) Xf = Xj = {x e ((M/Z)^^^)^ : fx = 0}. 

Lemma 4.8. Let f G Md{ZT) be positive m Md(Kr) with ker/ = {0}. Then 

h(Xj) < logdetjvr/. 
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The idea of the proof is to hft elements of some e-separated subset of Xf to 
elements in (M*^^^)^ and restrict them to elements in These are mapped 

by fp to {Z[F]y^/fp{Z[F]y^. We use Lemma 4.6 to control the cardinality of 
the fiber of this map by spectral information about fp. Finally, this implies the 
inequality using Lemma 3.8. 

Proof. Denote by K the support of / as a Md(Z)-valued function on F. For each 
X e ((M/Z)"'^^)^, take x e ([-1/2, 1/2)'^^^)^ such that x, = x^ + Z'^^^ for all s G F. 
Then for each x G Xf one has fx G {Z'^^^)^ . 

Let < e < 1, and < K < 1/2. Set r] = en /A. Let F e ^(F) such that 
11/11 ■ \K~^F\F\^/y2 < ri\F\^/\ Recall the linear map fp : (^^(F))'^^! ^ {e{F)Y''^ 
defined by (2.5). Define a map ^p : Xf ^ {Z[F]Y''^ / fp{Z[F]y'^ sending x to 
{fx)\p+fp{Z[F]Y^^. By Lemma 3.1 we know that fp is invertible. From Lemma 4.7 
we get 

(4.15) mF]Y-'/fp{Z[F]rx'\ = detifp). 

Let W be a ("(9^,2, £^)-separated subset of Xf with |W| = Ne{Xf,'dp^2)- Then we 
can find a subset Wi of W such that 

|W| < \W,\-mF])''^'/fp{Z[F])''^'\ 

and ^p takes the same value on Wi. 

Let X e Wi. Then fi e (Z'^^^)^ and ||/5||oo < ||/||i/2. Since fp is bijective 
and has real coefficients under the natural basis of {i'^{F)Y^^, it restricts to an 
invertible linear map T : {i^{F)Y^^ — )■ {^^{F)Y^^. Thus we can find a unique 
x' e {il{F)Y''^ such that fx' = f lx\r\p) on F. Then fx' + f{x\p) = fx on F. Note 
that f{x\r\p) = f{x\K-'^p\p) on F. Thus 

\\fpx'h=Ufx')\Fh 

= \\ifix\r\F))\Fh 

= \\{f{i\K-^F\F))\F\\2 

< \\fix\K-^F\F)\\2 

< 11/11 ■ \\x\k-^F\f\\2 

<\\f\\-id\K-'F\F\y/y2<vid\F\y/\ 

For r > denote by Bp^r the closed ball in {i'^{F)Y^^ with center and radius 
r{d\F\y/^ Then x' G T~\Bp^^). 

Recall ^f,F,K in Notation 3.6. Taking X = F x {1, . . . , c?} in Lemma 4.6 we have 

N,{T-\Bp^,\ II ■ hl{d\F\f/') = N,{T-\Bp^^/,), \\ ■ h/{d\F\y/') 

< 1/%,F,.. 

Thus we can find some W2 C Wi and y G W2 such that 

|Wi| < |W2|/%^,, 
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and for every x E W2 one has ||a;' — y'||2 < e{d\F\y^'^. We fix such an element y of 
W2. 

Let X G W2. Then = Thus there exists E {Z[F]y^^ such that 

fw^ = fx - fy on F. Then fw^ = f{x' - y') + - ylr) on F. Since fp is 

injective, we get = x' — y' + x\f — y\F- From (4.3) we get 

^F,2(x, y) < \\x\f - y\p - w42/{d\F\Y/' = - < e. 

As W is ('i9ir^25 ^)-separated, we get x = y. Thus IW2I = 1, and hence 

(4.16) N,{Xf,^p,2) = |W| 

<\w,\-mF]Y-'/Mz[F]Yx'\ 

<|W2|-|(Z[F])'^xV/^(Z[F])'^xi|/%,F,. 
= |(Z[F])'^>^V/^(Z[F])'^xV%F,. 
^ det(/p)/%P,. 

^ = ^ exp(^|F| |J"logtrf/iy,^(t)). 

Taking g = f m Lemma 3.8 we get 

logiVe(X/-,^9i.2) (''■1*^) /"ll^ll fWfW 

hmsup '■ — < limsup / hgtdfif pit) < / \ogtdfif{t). 

F l-T I F Jk.+ ' Jk+ 

Letting k — )■ 0+, we obtain 

hmsup ^"^^^'l^f'^^'^^ < / logtdfif{t). 
F \r I J0+ 

Since ker/ = {0}, from Section 2.2 we have yLt/({0}) = 0. Thus 

\0gNJXf,')^F2) /"ll-^ll /"ll^ll (2.2) 

hmsup — ■ — < / \ogt dfj.f(t) = / \ogtdfj.f(t) = logdetj^/. 

F \F\ J0+ ^0 

From (4.5) we get 

h.{Xf) = suplimsup — f < logdetj,jT/. 

£>0 F \r I 

□ 

To show h.{Xf) > logdetj^r/5 we use Theorem 4.2 to prove the following lemma 
and then apply Theorem 1.4. 

Lemma 4.9. Let f E Md{ZT) be positive in MdCNT) with ker / = {0}. Then 

ufv\-^r logdet(/F) 

h{Xf) > hmsup — . 

F \i' I 
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Proof. Set e = l/(2||/||i). Denote by P the natural quotient map (^f (r))''^^ 

^r)rfxi ^ ((M/z)'^xi)r. Denote by J the set of rows of /. Then J C {ZVY''^ 



and Xf = Xj. 

Let F e /(r). Denote by Yp the set of a; e ([0, l)^)'^xi satisfying /^x G (ZfF])"^^!. 
Then P{Yf) C Xj,^. Let x,y e Yp. Suppose that ^f,oo{P{x), P{y)) < e. From (4.4) 
we can find z G (Z[F])'^^^ such that \\x — y — z\\od < £■ Note that /(x — y — z) = 

/x— /y— /z takes values in Z'^^-'^ on F, and y— 2;)||oo < y— -^Hoo < 1/2. 

Thus f{x—y — z) = on F, i.e., fF^x—y—z) = 0. Since /i? is injective by Lemma 3.1, 
we get X — y — z = 0. Because x — y takes values in (—1, l)'^xi p ^ takes 
values in l/'^^ on F, we get x = y. Therefore 

N,{Xj^F,^F,oo) > \Yf\. 

From Lemma 4.7 one has 

= det(/p). 

By Theorem 4.2 we get 

utv\ utv\-^r logNe{Xj^F,^F,oc) ^ logdet(/F) 
h[Xf) = h{Xj) > hmsup — ■ — > limsup - 



F r F 



F 



□ 

Now Lemma 4.5 follows from Lemmas 4.8 and 4.9, and Theorem L4. 

4.3. Proof of Theorem 1.2. In this subsection we prove Theorem 1.2. Let F act 

on a compact metrizable abelian group X by automorphisms. For any nonempty 
finite subset ^ of the Pontryagin dual X of X, the function F H- log | J2seF 
defined on 3^(T) satisfies the conditions of the Ornstein- Weiss lemma [43, Theorem 
6.1], thus the limit 

lim 

F 

exists and is a nonnegative real number. We need the following result of Peters [57, 
Theorem 6]: 

Theorem 4.10. Let F act on a compact metrizable abelian group X by automor- 
phisms. Then 



log 


E. 


sSFS-'^\ 




\F\ 





log 




seFS~'<^\ 




\F\ 





h(X) = sup lim 

where S ranges over all nonempty finite subsets of X . 

In [57], Theorem 4.10 was stated and proved only for the case F = Z, but the 
proof there works for general countable discrete amenable groups. It was used in 
[13] first to study entropy properties of algebraic actions. 

We specialize Theorem 4.10 to the case of finitely presented algebraic actions. The 
following lemma shows that we may restrict attention to a specific family of finite 
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subsets of the Pontrjagin dual if X = Xg. We need to introduce some notations. 
For ra G N and F G 3'(r), we denote by 7j[F,n] the set of x G satisfying 
\\x\\oo < n. For / G Md'^di^T) and W C (ZF)"^^! (resp. W C (ZF)^^"^), we 
denote by FT + /*(ZF)'^'^i (resp. W + {ZVy"^' f) the subset of (ZF)*^^ V/*(ZF)'^'^i 
(resp. (ZF)^^*^/ (ZF)^^'' /) consisting of elements of the form a;+/*(ZF)'^ (resp. x+ 
(ZF)i^'^7) with xeW. 

Lemma 4.11. Let g G Md'xdCZ^) ■ For each n G N, the limit 

^.^ log |(Z[F, 71]^"^ + g*{Zry'''^\ 

™ \F\ 
exists, and is a nonnegative real number. Furthermore, 

log|(Z[F,n])'^^i + ^*(ZF)^'^i| 



h.{Xg) = suplim 

nGN ^ \r I 

Proof. The adjoint map (ZF)^^*^ — )■ (ZF)'^^^ sending h to /i* induces an abelian 
group isomorphism $ from JCg = {ZTY'"^/{ZTY'"^'g onto (ZF)'^^ V^*(ZF)'^'^^ 

Let nGN. Denote by ^ the finite subset {k + (ZF)^^'^'^ : k G Z^^*^, ||fc||oo < ri} 
of (ZF)^^'^/(ZF)i^"''^. For each F G :r(F), we have E.gf s" V = (Z[F-\ + 
(ZF)^^'^'^, and hence $(EsGFS-^ff) = (Z[F,n])'^^i + ^*(ZF)^'^\ Thus 

y log\{Z[F,n]Yx^ + g*{ZTf>^^\ log | S^eF ^-^^1 ^ ^ , 
hm — = hm — G [0, +oo). 



F 

From Theorem 4.10 we get 

log|(Z[F,r2])'^^i + g*{Zry'''^ 



h(Xg) > suplim' 

nGN ^ \r I 

Let ^ be a nonempty finite subset of Xg = (ZVy^^ /{ZVy^'^' g. Then there exist 
n G N and if G J(F) such that C {Z[K,n]Y'"^ + {ZTy^^'g. Let F G 3^(F). Note 
that each element of F can be written as s~^t with s G -F and t G if for at most \K\ 
ways. Thus 

E ^"''^ ^ (E s~'Z[A^ n])^^'^ + (ZF)!^'^'^ C {Z[F~^K, |if|n])^^'^ + (ZF)^^'^'^. 

seF seF 

When F becomes more and more left invariant, K~^F also becomes more and more 
left invariant, and \K~^F\I\F\ 1. Therefore 



F 



log 




s&F S ^(S'\ 




\F\ 





lim — < lim sup 



F 



lim sup 

F 



log 


\{Z[F^ 




- (ZF)!^"^'^! 










log 


\{Z[F- 




- (ZF)i^'^'^l 


\K-^F\ 
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lim 

F 



log|(Z[F-i, 


\K\ 


n]) 






\F\ 





log|(Z[F,|i^| 






\F\ 





= lim 

F 

Since S' is an arbitrary nonempty finite subset of Xg, from Tlieorem 4.10 we get 

iog|(z[F,n])'^>-^ + ^-(zr)'^'x^| 

h{Xg) < suphm — . 

neN \r I 

□ 

We need the following result: 

Lemma 4.12 (Lemma 5.1 in [39]). There exists some universal constant C > 
such that for any A > 1, there is some < 6 < 1 so that for any nonempty finite 
set X, any positive integer m with |X| < Sm, and any M > 1 one has 

\{x G Z[X] : ||a;||2 < M ■ m^/^}\ < CA^iVfl^L 

Now, we establish a relationship between the cardinality of (Z[F, n])'^^^ + f* {ZVY' 
and Ni;{Xj^F,'&F_oo)- This will be the key to prove Lemma 4.14. Once we have es- 
tablished Lemma 4.14, Theorem 1.2 will basically follow from an application of 
Yuzvinskii's addition formula. 

Lemma 4.13. Let X > 1, < n < 1/2, and ?i G N. Let C and 5 he as in 
Lemma 4-12. Let f G Md'xdC^^) such that ker / = {0}. Denote by J the subset 
of (Zr)^^'^ consisting of the rows of f* and g G (Zr)^^'^ satisfying gf = 0. Set 
M = (8n||/||Vfi:) + 2\\f\\{d' /dy/\ Denote by K the support of f as a Md'^di^)- 
valued function on T union with {e}. Then for any F G 5'(r) satisfying \K~^KF \ 
F\ < S\F\, one has 

(4.17) |(Z[F,n])"'x^ + r(Zr)'^'xi| < CA"'I^IM'^I^^"'^^\^I(1 + 4||/||i)^'I^^\^I 

where Xj^p and 3'f*f^F,K. o^re defined by (4.7) and Notation 3.6 respectively. If fur- 
thermore r is finite, then 

(4.18) |(Z[r,n])'^xi + r{ZTY''<'\ < iVi/(2||;||,)(X^,r,^r,oo)(%'/,r,.)-^ 
Proof. Take W C (Z[F,n])'^x^ such that 

(4.19) |W| = \{Z[F,n]Y''^ + r(Zr)^'xi| 

and X — y ^ f*{ZTy^^ for all distinct x,y eW. 

Note that ker(/*/) = ker / = {0}. Thus by Lemma 3.1 the linear map {f*f)F 
defined by (2.5) is invertible. Since {f*f)F is bijective and has real coefficients 
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under the natural basis of {i'^{F)Y^^ , it restricts to an invertible hnear map T : 

For each x G W, take x' G (4(^))'^''^ such that f*fx' = x on F. Set W = {x' : 
X G W}. For r > denote by Bp,, the closed ball in {i^{F)Y^^ with center and 
radius r{d\F\Y^'^. For each x G W, one has 

Urfx')\Fh/{d\F\Y/' = \\xh/{d\F\Y/' < ||x|U < n. 
Thus W C T-\BF,n)- Taking X = F x {1, . . . , c/} in Lemma 4.6 we get 
iV4n/.(W', II ■ ||2/(ci|F|)'/') < iV4„/.(T-i(i?^,„), II ■ h/{d\F\y/') 

= N,{T'\B,,^/,),\\.\y{d\F\y/') 

Thus we can find some Wi C W and y G Wi such that 

(4.20) |W| < |Wi|/^^.,^,^,, 
and for every x G Wi one has 

(4.21) \\x'-y'\\2<{An/K){d\F\y/\ 

We fix such an element y of Wi. 

Denote by P the natural quotient map {i^{T)y'''^ -> ((M/Z)^)'^'^! = ((M/Z)'^'^!)^. 
For each x G Wi, the function f*f{x' — y') = x — y takes values in Z'^^^ on F, and 
it follows that P{f{x' — y')) G Xj^p. Then we can find some W2 C Wi and z G W2 
such that 

(4.22) |Wi| < |W2|iVl/(2||/||0(^J,F,^/^F,oo) 

and for every x G 'W2 one has 
(4.23) 

^KF,oo{Pif{^' - ^0), 0) = ^xF,oo(P(/(x' - y')), P{f{z' - y'))) < 1/(2||/||0. 

We fix such an element z of "1^2. 
Note that 

'&KF,oo{u,v) = max{'&F,oo{u,v),'dKF\F{u,v)) 
for all u,ve ((M/Z)'^'^^)^. Thus 
(4.24) 

Nl/(2\\f\\i)iXj^F,1^KF,oo) < ^l/(4||/||i)(-^J,F, '*^F,oo) " ^l/(4||/||i) (-'^J.F, '*^E'F\F,oo) 

< iVl/(4||/|K)(^J,F,t9i.,oo) ■ iVi/(4||/||.)(((M/Z)'^'xl)^^^^\^,oo) 
(4.9) 



< iVi/(4||/||,)(X,,^,^F,oc) -(1+411/111 



^d'\KF\F\ 
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Let X G W2. Note that the support of f{x' — z') as a M'^'^ ^-valued function on 
r is contained in KF. Take x e ([-1/2, l/2)^'^i)^^ such that f{x' - z') - x e 
{Z[KF]y'''\ From (4.4) we have 

(4.23) 

||£||oo = ^/rF,oo(P(/(x'-^')),0) < l/(2||/||i). 

Set x^ = f{x'-z')-x G {Z[KF]f''\ Note that both x-2 and f*x^ are in (Zr)^^\ 
and ||/*x||oo < ||/||i||x||oo < 1/2. Since 

x-z = f*f{x' - z') = f*x + f*x^ 

on F, we get f*x = on F and x — z = on F. Also note that 

(4.25) ||/V|h< ||r||-||xt|h 

< 11/11 ■||/(^'-^')ll2 + 11/11 -Plh 
<\\mx'-z'h+\\f\\-\\x\Ud'\KF\y/' 

< WfWW - y'h + \\y'- ^'h) + \\md'\K-'KF\Y/' 

T {8n\\ff/K){d\F\y/' + 2\\f\\{d'\F\y/' 

= M{d\F\y/\ 

From (4.25) and Lemma 4.12 we get that the cardinahty of the set {{f*x^)\K-iKF\F '■ 
X G W2} is at most C'A'^I^IM'^I^"'^^^^!. Thus we can find some W3 C W2 such that 

(4.26) IW2I < |W3|CA''I^IM'^I^"'^^\^I 

and {f*x^)\K''^KF\F is the same for all x G W3. 
Let X, G W3. Then 

X — w = {x — z) — {w — z) = f*{x^ — w^) 

on F. Also /*(x^ — w'^) = on K~^KF \ F . Since the supports of /*(x^ — w^) and 
X — w as Z"^^ ^-valued functions on F are contained in K~^KF and F respectively, 
we conclude that 

x-w = f*{x^ - w^) G f*{ZTf''\ 

By the choice of W we have x = w. Therefore [Wsl = 1. 

Now (4.17) follows from the inequalities (4.19), (4.20), (4.22), (4.24), and (4.26). 

Suppose that F is finite and F = T. For any x G W2, we have x — z = f*x'^ G 
/*(ZF)'^'^\ and hence x = z hy the choice of W. Thus jWa] = 1. Then (4.18) 
follows from the inequalities (4.19), (4.20), and (4.22). □ 

Lemma 4.14. Let f G Ma/xdC^^) with ker/ = {0}. Denote by J the subset of 
(ZF)^^'^ consisting of the rows of f* and g G (ZF)-*^^"^ satisfying gf = 0. Then 

hiXj)<hiXj)<hiXf.), 
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where Xj is defined by (4.6). 

Proof. According to (4.14), we have Xj C Xf,. Thus h(Xj) < h(X/*). 

In order to show h(X/) < h(Xj), by Lemma 4.11 applied to g = f, it suffices to 
show 

iog|(z[F,d)'^^i + /*(zr)'^'><i| , , 

lim ^ ^ ' ^ ^ ^ < h{Xj) + {d+l) log A 

for all n G N and A > 1. Let n G N and A > 1. 

We have ker(/*/) = ker/ = {0}. By Lemma 3.11 and Proposition 3.7 applied to 
g = f* f there exists < k < 1 such that 

log(%./,^,,)-i 

limSUp y-^;^ < log A. 

F \F\ 

We may assume that k < 1/2. 
By Theorem 4.2 we have 

lim sup ^OgNy^,yaXj,F,^F,o.) ^ 
F \F\ 

From Lemma 4.13 we get 



F 



+ lim sup 



log(%,/,i.,^)-^ 



F 

< (d+l)logA + h(Xj) 
as desired. □ 

Lemma 4.15. Let f G Md'xdC^^)- Denote by J the subset of (ZF)^^''' consisting 
of the rows of f* and g G (ZF)^^'^ satisfying gf = 0. Then one has a T-equivariant 
short exact sequence of compact metrizable groups 

1^ Xf^ Xf,f ^ Xj^l, 
where the homomorphism Xf*f Xj is given by left multiplication by f. 
Proof. The dual sequence of the above one is the following 
(4.27) ^ (ZF)^^7(ZF)^^'^7 ^ (ZF)^^7(ZF)^^'^/7 ^ (ZF)^^'^7Mj ^ 0, 
where the homomorphism (ZF)i^7(ZF)^^'^/*/ ^ (ZF)i^'^7^J 

is given by right 

multiplication by /. By Pontryagin duality it suffices to show that (4.27) is exact. 
Clearly it is exact at (ZF)i^7(ZF)^^'^7 and (ZF)i^7(ZF)i^7*/. Suppose that 
X G {Zry^^'/Mj and x/ = in (ZF)i^7(ZF)i^'^/7. Say, x is represented by x in 
(ZVy^'^' . Then xf = zf*f for some z G (ZF)^^'^. It follows easily that x lies in Mj. 
Consequently, x = and hence (4.27) is also exact at (ZF)^^"^ /Mj. □ 
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The following result is well known. For the convenience of the reader, we give a 
proof. 

Proposition 4.16. Let f G Md{'LV). Then the following are equivalent: 

(1) ker/^{0}; 

(2) ker/* ^{0}; 

(3) fg = for some nonzero g G Md(Zr). 

Proof. (1)^(2): for any T G B{i'^(rY^^) one has the polar decomposition as follows: 
there exist unique U,W e B{{f {T)Y^^) satisfying that S > 0, keiU = kei S = 
kerT, U is an isometry from the orthogonal complement of kerT onto the closure 
of imT, and T = US [32, Theorem 6.1.2]. Take T = f e MdO^T). Since Mai^NT) 
is the subalgebra of B{{i'^[r)Y^^) consisting of elements commuting with the right 
representation of F, from the uniqueness of the polar decomposition we have f/, S" G 
Mrf(?\fF). Denote by P and Q the orthogonal projections from (£^(F))'^^^ onto ker/ 
and ker/* respectively. Then both P = 1 — U*U and Q = 1 — UU* are in MaC^T). 
Since trj^ is faithful and P 7^ 0, we have tr>[rP = tr>[r(P*P) > 0. Then 

tr^rQ = tr:Nr(l - UU*) = trMr(l - U*U) = tr:N-rP > 0. 

Thus Q ^0, which means that ker/* 7^ {0}. 

(2) ^(1) follows from (1)^(2) by symmetry. 

(1)^(3): by Lemma 2.3 we have fx = for some nonzero x G (CF)''^^. Taking 
the real or imaginary part of x, we may assume that x G (MF)'^^^. By [13, Theorem 
4.11] we may furthermore assume that x G (ZF)'^^-'^. Take g G Md(ZF) to be the 
square matrix with every column being x. Then fg = 0. 

(3) ^(1) is trivial. □ 

We need the Yuzvinskii addition formula: 

Lemma 4.17 (Corollary 6.3 in [39]). For any T-equivariant exact sequence of com- 
pact metrizable groups 

1 ^ Fi ^ F2 ^ 1^3 ^ 1, 

one has 

h(K,)=h(Fi)+h(>^3). 
We are ready to prove Theorem 1.2. 

Proof of Theorem 1.2. Note that ker(/*/) = ker / = {0}, and /*/ is positive in 
Md(3\fF). From Lemma 4.5 we have 

\{Xj.f) = ^logdetHr(/7) logdet^/. 

Denote by J the subset of (ZF)^^"^' consisting of the rows of /* and g G (ZF)^^*^' 
satisfying gf = 0. From Lemma 4.17 and the short exact sequence in Lemma 4.15 
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we get 

(4.28) HXf,f) = h{Xj) + h{Xf), 

where Xj is defined by (4.6). From Lemma 4.14 we have 

HXf) < h{Xj). 

Therefore 

h{Xf)<h{Xf,j) = \ogdetj,rf. 

Now assume that d' = d. From Lemma 4.14 we have h(X/) < h(X/.). By Propo- 
sition 4.16 we have ker/* = {0}. Thus we also have h(Xf*) < h(Xj). Therefore 
h{Xf) = HXf*). Note that Xj = Xf,. Thus from (4.28) we get 

HXj) = ^hiXf*j) = \ogdet^rf. 

□ 



5. Entropy and L^-torsion 
Throughout this section F will be a countable discrete amenable group. 

5.1. Proof of Theorem 1.1. In this subsection we prove Theorem 1.1. Throughout 
this subsection we let M be a left ZF-module of type FL^ for some A; G N with a 
partial resolution C* — M by finitely generated free left ZF- modules as in (2.6). 
We choose an ordered basis for each Gj, identify Qj with (ZF)^^'^^, and take fj G 
M,^.x,^._,(ZF) so that d,{y) = yf, for all y E (ZTY^^^ . 

We show first that the conditions dimj,jT(3N[F (^zr M) = and x(^) = in 
Theorem 1.1 are equivalent to ker/i = {0}. Indeed the latter condition is the one 
we really use in the proof of Theorem 1.1. We choose to use dimj^r(^r (^ir 3Vt) 
and x(^) ill the statement of Theorem 1.1 because they are well-known intrinsic 
invariants of M. 

Lemma 5.1. The following are equivalent: 

(1) dim^r(?^r ®zr M) = 0, 

(2) ker/i = {0}. 

If furthermore M is of type FL and lv[ is a resolution as in (2.7), then 

dim>fr(^r M) = x(^); ^'^^ particular the conditions (1) and (2) are also 
equivalent to 

(3) x(M) = 0. 

Proof. Let g G M^^xdol-^r). An argument similar to that in Section 2.2 shows that 
the orthogonal projection Pg from (£^(F))'^"^^ onto the closure of {^'^{T)Y^''^^ g lies in 
MrfQ(!Mr). For each left KF- module M, denote by TM the submodule of M consisting 
of elements having image under every !NF-module homomorphism M — ?> XF, and 
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denote by PM the quotient module M/TM. When M is finitely generated, one has 
dimj^M = dimj^r(P^) [46, Theorem 6.7]. Also, from [46, Lemma 6.52] one has 

where J^o denotes the do x identity matrix. Thus 

dim^r((M^)'"'V(^r)ixd,^) ^ dim^r((M^)'"'"(/do -Pj) = tiMld^-Pg). 
From the exact sequence (2.6) we know that 

l^r ®zr Ci ^zT Co ^ Kr M ^ 

is exact. Taking g = fi, we get 

dim^r(?^r ®zr M) = dim^r((Xr)ix*/(Xr)ixdi^^) ^ ^^^^^^^^^ _ 

Thus dimj^r ®zr 3Vt) = if and only if trj^r(-^do ~Pfi) = 0; equivalently Id^ = Pfi, 
i.e. (£^(r))^xcii is clense in {£'^(T)Y^'^° . The latter condition is equivalent to that 
the map {i'^{r)Y^'^'' — j- (£^(r))-^xrfi sending y to ?//;^* is injective. Taking adjoints we 
find that the last condition is equivalent to ker/i = {0}. This proves (1)<^(2). 

Now we assume further that M is of type FL and 6^, — ?■ M is a resolution as in 
(2.7). Note that C ®z = CF and hence for any left ZF-module M one has 

CF ®zr M={C®z ZF) 0z^M = C ®z (ZF ^^r M) = C0z M. 

Since C is a torsion-free Z-module, the functor C®z? from the category of Z-modules 
to the category of C-modules is exact [38, Proposition XVI. 3. 2]. Thus the functor 
CF®2r? from the category of left ZF-modules to the category of left CF-modules is 
exact. Set Q'j = CF (^^r Cj and M' = CF (^zr Then from (2.7) we have the exact 
sequence 

(5.1) ^ ^ ■ ■ ■ 5 e; ^ e[, ^ M' ^ 0. 

The sequence 

^ ?^F ®cr e'k ■ ■ ■ J<r ®cr e[ J^r ®cr e'o ^ y^r ®cr m' ^ o 

is exact at 3\fF®cr Cq XF(8>crM', but may fail to be exact at other places. Note 
that (5.1) is a resolution of M' by free left CF-modules. Liick showed [46, Theorem 
6.37] that 

dim:Nr(ker(l (g) 9^.)/im(l ® 9^+1 )) = 

for all 1 < j < A;, where we set 1 (8> 9^^^ = 0. Since dimj^fr is additive in the sense 
that for any short exact sequence 

^ Ml ^ M2 ^ M3 ^ 
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of left !Nr-modules one has diniNr ^2 
we get 



= diiiiNrMi + dimjgrMs [46, Theorem 6.7], 



k 
j=0 

k 

□ 

Remark 5.2. It follows from Lemma 5.1 and [13, Theorem 4.11] that for a finitely 
presented left ZF-module M, h(M) is finite if and only if dimj^r(^r ®zr = 0. In 
particular, if M is of type FL, then h(M) is finite if and only if x(^) = 0. 

Next we show that (in the case of amenable groups) ker/i = {0} is the only 
condition needed to define p'^^^(C*). Set /o = 0. 

Lemma 5.3. Suppose that ker/i = {0}. Then the chain complex ^^(F) ®zr C* in 
(2.9) is weakly acyclic, and ker(/*_,_;^/j+i + fjfj) = {0} for all < j < k. 

Proof. We show first that for any 1 < j < k the map (ZTY^'^^ — t- (ZF)"'^^'^-' sending y 
to y{f*^Jj+i + fjf*) is injective. Suppose that y(f*^Jj+i + fjf*) = 0. Computing 
{y{fj+ifj+i + fjfj)^y)j "we find that yfj^i = and yfj = 0. Since (2.6) is exact at 
Gj = (ZF)^^''j, we have y = zfj+i for some z G {ZVy^'^^+K From {zfj+i,zfj+i) = 
(zfjj^if*j^i, 2;) = we get y = zfj^i = 0. This proves our claim. 

Since f*_^_ifj+i + fjf* is self-adjoint, taking adjoints we find that for each 1 < j < k 
the map (ZF)'^^^^ — )■ (ZF)'^^^^ sending y to {fj+ifj+i + fjfj)y is also injective. From 
Proposition 4.16 we conclude that ker(/*^^/j+i + fjfj) = {0} for I < j < k. The 
assertion ker(/j'/i + /o/o) = {0} follows directly from ker/i = {0}. 

Let < j < k. Taking adjoints again, we find that the map (£^(F))'^-'^^ — )■ 
(^^(F))'^-'^^ sending y to y{f*_^_ifj+i + fjfj) is injective. Any y in the orthogonal 
complement of the closure of im(l (g) dj^i) inside of ker(l (g) dj) satisfies ?/(/*_,_]^/,+i + 
fjfj) = and hence is equal to 0. Therefore ker(l ® dj) is equal to the closure of 
im(l (g) dj+i). That is, ^^(F) C* is weakly acyclic. □ 

In order to prove Theorem 1.1 we need some preparation. For each < j < k, 
we define a left ZF-module homomorphism d* : Cj^i Gj by d*{y) = yf* for all 
y G (ZF)i^'^^-i = Gj^i. Then d*_^_^d* = for all < j < k. For each < j < A;, 
set 'Dj = 0o<i<i,j-ig2Z Cj and d'j = J2o<i<j,j-i€2zdj. For each < j < k, consider 
the ZF-module homomorphism Tj : X)j I'j-i defined as di + 9*^]^ on Cj for all 
< i < j with j — i ^ 2Z, as (9j on Gj, and also as on Cq if J is even. Then the 
chosen ordered basis of Cj's give rise to an ordered basis for Tij, under which Tj is 
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represented by the matrix 





9i 



, ^i' L ■■•I ^*^-.;-;-.(2r>- 



Lemma 5.4. Let < j < k. Then one has a T-equivariant short exact sequence of 
compact metrizahle groups 

(5.2) 1 ^ X,^ ^ Xg.g^ -> Xg^^, ^ 1, 

where the homomorphism Xg*g. — )■ Xg.^-^ is given by left multiplication by gj . 

Proof. Denote by Jj the subset of (Zr)^^"'j consisting of the rows of g* and h G 



(Zr) ^ J satisfying hgj = 0. Recall that Mj^. denotes the submodule of (ZF) 
generated by J^. We want to show that Mj^. = {'ZTY^'^i+^gj^i. Set 

Then 



and ti?5fj = 0. It follows that {'ZTY^'^i+^gj^i C "Mj-. Moreover, any row of g* is 
obviously in (Zr)^^"'j+i5fj+i. It remains to show that every h G {'Zr)^^'^^ satisfying 
hgj = lies in {ZT^'^'i+^gj+i. 

Note that gjg* is a block-diagonal matrix with the diagonal blocks being fjf* and 
f*+ifi+i + fif* for < z < j - 2 with j - i e 2Z. Since (2.6) is exact and ker fi = 0, 
for any < i < j, any y G (ZF)^'"'^^ satisfying y{f*^J,+i + fif*) must be 0. Thus 
any h G (Zr)^^'^j satisfying /igfj = must be of the form (x, 0) for some x G (Zr)^^'^^ 
satisfying x/j/* = 0, equivalently xfj = 0. It follows from the exactness of (2.6) 
that (x,0) = iyfj+1,0) for some y G {ZTY'"^^+\ Thus, Mj^. C (Zr)^'''^^+i^j+i, 
and hence 3V[j. = (ZVy^'^^+'^gj+i, which leads to the short exact sequence (5.2) by 
Lemma 4.15. □ 

Lemma 5.5. For any < j < k one has ker gj = 0. For < j < k one has 
h{Xg^) + HXg^^J = ^ logdetHr(/;/^ + g/J e M>o, 

i=l 

where qf- denotes the orthogonal projection from (^^(r))'^^-^^-'^ onto ker fi. We also 
have 

k 

HXg^gJ = 21ogdetHr(^fc) = logdetHr(/*/i + g/J e M>o. 

i=l 
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Proof. Let < j < k. Note that g*gj is a block-diagonal matrix with the diagonal 
blocks being + fif* for < z < j with j — i ^ 2Z. From Lemma 5.3 we get 

ker (yfj = keT{g*gj) = {0}. For any <i < j, since and fif* are self-adjoint, 

fUJi+i ■ fif: = fif* ■ fUJ^+l = 0, and ker(/;Vi/^+i + f^f:) = have 

+ fif* = Uhifi+i + + (Ihf;) = + (lh+i){hf: + g/*)- 

From Lemma 4.5 we have 

H^9',9,) = logdetxr(^l^i) 

logdet^r(/;Vi/m + /i/;) 

0<i<j, 3-1^21 

(log det:NT(/*+i/i+i + + log det^rl/i/* + g/j) 
^ = ^ ^logdet^(/;/. + g;J. 

i=l 

Now the lemma follows from (2.3) and the observation that for < j < from 
Lemmas 5.4 and 4.17 we have 



h(X,J + h(X,^,,J=h(X,.,J. 

We are ready to prove Theorem 1.1. 
Proof of Theorem 1.1. From Lemma 5.5 we have 

(-l)^h(X,J +h(X,J = E(-l)'^'^^(h(^..) +h(X,^.,J) 

= E(-l)'^^^^' Elogdet^(/;/, + g^J. 

i=i i=i 

From Lemmas 5.5 and Theorem 1.2 we have 

1 ^ 

h(X,,)<-5:iogdetKr(/;/. + g/J. 
^ i=i 

Note that gi = fi- Therefore 
(-l)'=h(M) = (-l)^h(X;J 
= (-l)'=h(X,J 

]^ j -1 

> El-l)'""'^'' E logdet^r(/;/. + g/J - ^ E logdet^(/;/, + g^J 



□ 



2 .=1 



E(-l)^+'logdetHr(/;/. + g/J 
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= (-i)V2)(e,). 

When — M is a resolution as in (2.7), we may also think of it as a partial 
resolution with length /c + 1 by setting Cfc+i = 0. Then we also have (-1)^+%(M) > 
(_l)fe+ip(2)(e^)^ and hence h(M) = p(2)(e,). □ 

5.2. Applications to L^-torsion. The first application of Theorem 1.1 to L^- 
torsion is a proof of Theorem 1.3. 

If the trivial left ZF-module Z is of type FL, then F is torsion-free [8, Corollary 
VIII. 2. 5], and in particular F can not be a non-trivial finite group. The latter fact 
can also be proved using the following quick argument we learned from a comment 
of Ian Agol: Suppose that F is finite and there exists a resolution 

^ (ZF)^^"^^- ^ > (ZF)^^^" ^ Z ^ 0. 

Counting ranks of Z-modules we get 1 = |F| ■ I]j=o(~-'-)"''^i5 ^"^^ hence F is trivial. 

From the definition of topological entropy one observes easily that the trivial 
action of an infinite amenable group on a compact metrizable space has topological 
entropy 0. Now Theorem 1.3 is an immediate consequence of Theorem 1.1 and 
Remark 5.2. 

As a second application, since the entropy of an action is non-negative, we note 
from Theorem 1.1 that if a left ZF- module M is of type FL and x(^) = 0? then 
p^'^\JA) > 0. This is non-trivial since the L^-torsion is defined as an alternating sum 
of non-negative numbers. 

Let us mention one more application. 

Theorem 5.6. Let T be a countable discrete amenable group which contains Z as 
a subgroup of infinite index. Let M, be a left liT -module. If M is finitely generated 
as an abelian group and M is of type FL as a left 7jT -module, then x(^) = '^'^^ 
p(2)(M) = 0. 

To prove Theorem 5.6 we need the following well-known dynamical fact. For the 
convenience of the reader, we give a proof. We allow smooth manifolds to have 
different dimensions for different connected components, including dimension. In 
particular, compact smooth manifolds could be finite sets. We say that an action 
of F on a compact smooth manifold X is differentiable if the homeomorphism of X 
given by each s G F is C^^\ 

Lemma 5.7. Let T be a countable discrete amenable group containing Z as a sub- 
group of infinite index. Then every differentiable action of T on a compact smooth 
manifold X has topological entropy 0. 

Proof. Endow X with a Riemannian metric. Since A is a compact manifold, it 
has finitely many connected components. Thus we may take a compatible metric 6 
on A which restricts to the geodesic distance on each connected component. Take 
< rj < 1 such that if x, y G A have distance less that r], then x and y are in 
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the same connect component of X. Denote by L the diameter of X. Recall that a 
subset Z of X is called (5-dense for 5 > if for any x & X one has 6{x, z) < 6 for 
some z E Z. 

For each p G N U {0}, consider the supremum norm || ■ ||oo on W given by 
. . . ,Mp)||oo = maxi<j<p For r > 0, denote by 5(0, r) the open ball in 
MP with center and radius r in this norm. For a connected component Y of X 
with dimension p, choose smooth charts /j : 5(0, 2) — t- F for 1 < j < ky such that 
[Ji<j<kyfj{B{0,l)) = Y. Take Ky > such that ^(/.(x), /,(y)) < Ky\\x - y\\oo 
for all 1 < j < ky and x,y E B{0, 1). For any < 6' < 1, -8(0, 1) has a 5'-dense 
subset with cardinality at most {A/6'y, and hence Y has a (/Ty (5') -dense subset with 
cardinality at most ky{4/6'y. Denoting by q the highest dimension of the connected 
components of X, we see that there exist constants Ci,C2 > 1 such that for any 
< 6' < 1, X has a (Ci(5')-dense subset with cardinality at most C2(4/5')''. 

For each s G F and x G X, denote by C,s,x the linear map induced by s from the 
tangent space of X at x to the tangent space of X at sx. Denote by the 
operator norm of ^s,x- Since X is compact, one has Kg := sup2,gj5f \\^s,x\\ < +oo. 
Then for any x and y in the same connected component of X, one has 6{sx, sy) < 
Ks9{x,y). 

Let < e < r]/2. By assumption, we can find Sq G F with infinite order such 
that the subgroup H of T generated by Sq has infinite index. Let M, X G N. Take 
ti = e, . . . , in F such that the left cosets tiH, . . . ^t^H are pairwise distinct. Set 
P = {tjs'^ ■■l<j<N,0<k<M-l}. 

Let F G S(P, 1/|P|), i.e. F is a nonempty finite subset of F and 

\{teF:PtCF}\>l^l-j^^ \F\. 

Then 

\PF\ < \F\ + \P\ -{{teF : Pt^ F}\ < 2\F\. 

Take a maximal subset Q of F subject to the condition that for any distinct s,t E Q, 
the sets Ps and Pt are disjoint. For any s E F, one has Ps (iPt ^ ^ for some t E Q 
and hence s G {P~^P)t. That is, F C p-^PVt. Note that 

(5.3) N ■ M ■\Vl\ = \P\ - = \Pn\ < \PF\ < 2\F\. 

Set Ki = max{KsQ, K -i) > 1 and K2 = meiXi<j^k<N K.-i. > 1. Let x,y E X. If 

' j k 

6{tx, ty) < ?7/2 for some t E fl, then tx and ty lie in the same connected component 
of X, and hence 

e{stx,sty) < Kf^^K2e{tx,ty) 

for all s E P-^P. Thus, if e{tx,ty) < m.m{7] / 2, e/{Kl'^K 2)) = {Kf^^K2y^e for 
all t E Q, then 9F,oo{x,y) < e, where 9f,oo is defined by (4.2). Taking 6' = 
Ci^{2Kf^^ K2)~^e in the second paragraph of the proof, we see that X has a 
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{2Kf^ K2)-h-dense subset with cardinality at most C2{SKl^' K2C1/ ef . It follows 
that 

Therefore 

lim^sup ^ogN,{X,ep,^) ^ _2_^i^g^^^(g^^/^),) ^ 2Mq\ogK^ + glogK^). 

Fix and ti, . . . , t^r first. Then K2 is fixed. Letting M — )■ 00, we get 

logiU^^^ 4g 
lim sup — < — log A 1 . 

F l-T \ iV 

Next letting — )• 00, we get 

logiV,(X,g^,oo) 
hmsup — = U. 

F \F\ 

Since e is arbitrary, by Lemma 4.1 we conclude that htop(-^) = as desired. □ 
Now Theorem 5.6 follows from Lemma 5.7, Theorem LI and Remark 5.2. 

5.3. Application to entropy. For F = Z*^, the fact that Z[Z'^] is a factorial Noe- 
therian integral domain allows one to apply the tools from commutative algebra. 
Using such tools Lind, Schmidt and Ward [42, Section 4] showed that the calcu- 
lation of the entropy for algebraic actions of Z'^ can be reduced to calculating the 
entropy of principal algebraic actions, i.e. 

h (z[Z^]7ziz^]/) = logdet^(2.)/ 

for all non-zero / G Z[Z'']. For general countable discrete amenable group, it is not 
clear how to carry out such a reduction. However, we shall see that the calculation 
of the entropy for algebraic actions of poly-Z groups can be reduced to calculating 
the L^-torsion. 

A group F is called poly-Z if there is a sequence of subgroups F = Fi > F2 > ■ ■ ■ > 
F„ = {e} such that Fj/Fj+i = Z for every 1 < j < n — 1. Let F be a poly-Z group. 
Then ZF satisfies the following conditions: 

(1) ZF is left Noetherian, i.e. every left ideal of ZF is finitely generated. 

(2) ZF has finite global dimension, i.e. there exists /c G N such that for any left 
ZF-module M and any exact sequence of left ZF-modules as in (2.7) with Qj 
being a projective left ZF-module for each < j < k, Qk is also a projective 
left ZF-module. 

(3) Every finitely generated projective left ZF-module M is stably free, i.e. M © 
(ZF)™ = (ZF)" for some m,n G N. 
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This was proved in the proof of Theorem 13.4.9 in [56] for KT with K being a field, 
but the argument there also works for ZF, using that Z has finite global dimension 
[56, page 433]. It follows easily that every finitely generated left ZF-module M 
is of type PL. If xC^) > 0, then by Lemma 5.1 and [13, Theorem 4.11] one has 
h(M) = oo. If = 0, then by Theorem 1.1 we have h(M) = p^^\M). For 

any countable left ZF- module M, take an increasing sequence {MjjjgN of finitely 
generated submodules of M with union M, then from Theorem 4.10 or using the 
fact that M is the projective limit of {MjjjgN one has 

h(M) = lim h{Mj) = suph(3v5). 

5.4. Torsion for arbitrary modules and the Milnor-Turaev formula. Moti- 
vated by Theorem 1.1, we define the L^-torsion or just torsion of a countable left 
ZF-module M to be h(M). Theorem 1.1 shows that this extends the definition of 
L^-torsion for left ZF-modules of type FL with x(^) = 0. By Remark 5.2, the 
torsion of M is infinite if M is of type FL and x(^) 7^ 0. Lemma 4.17 shows that 
torsion is additive for extensions of countable left ZF-modules and hence serves as 
a well-behaved invariant. From now on, we use the notation p(M) to denote h(M). 

Proof of Theorem 1.5: First of all, the chain complex C* if A-acyclic if and only if 
the chain complex £^(F) ®iy C* is weakly acyclic, see Proposition 6.6. The proof 
follows closely the proof of Theorem 1.1. We use the notation in Section 5.1 and the 
proof of Lemma 5.4, and also set fk+i = 0. 

Since the chain complex ^^(F) ®zr is weakly acyclic, the map (£^(F))^^'^j — > 
{i'^{r)Y^'^J sending y to y{f*^^fj+i + fjfj) is injective for every < j < k. Let 
< j < A;. Note that if zg*gj = for some z e {ZTY'"^'^'\ then zg* = 0. Thus 

the intersection of (ZF)^^'^^-!^!* and {y G (ZF)^^''j : ygj = 0} is {0}. The argument 
in the proof of Lemma 5.4 then shows that one has a short exact sequence of left 
ZF-modules 

^ (ZF)i^"'^+ir?,+i ^ Mj^ Hj{e,) ^ 0. 
Then one has a short exact sequence of left ZF-modules 

-> H,{e,) (ZF)^^'^V(^r)^^'^^+i^,+i ^ (ZF)i^'^v^j, ^ o, 

and its dual F-equivariant exact sequence of compact metrizable groups 

1 ^ Xj^ ^ Xg^^^ ^ l^e7) ^ 1. 

Prom Lemma 4.15 we still have the F-equivariant exact sequence of compact metriz- 
able groups 

1 ^ X,^ ^ X,,,^ ^ Xj^ ^ 1. 

The argument in the proof of Lemma 5.4 also shows that any y G {i^(r)Y^'^k 
satisfying yg^ = must be 0. Taking adjoints we get keT gl = {0}. The argument 
in the proof of Lemma 5.5 still shows ker^f^ = {0}. By Lemma 4.14 we have 
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h{XgJ = h(Xg.). From Lemmas 4.15 and 4.17 we get h(XgJ = |h(Xg.gJ. The 
rest of the proof is analogous to the proof of Theorem 1.1. □ 

Remark 5.8. Note that in the trivial case, where F = {e}, one has 

p(i7,(e,)) = iog|i/,(e,)|. 

In the classical cases F = Z*^, Theorem 1.5 is a consequence of the results of Milnor 
[52, page 131] and Turaev [66, Lemma 2.1.1]. The classical result of Milnor in 
the case F = Z shows an identity of elements in the reduced Ki-group of the ring 
of rational functions Q{z). In this case, the Mahler measure of the determinant 
computes the L^-torsion, which gives the relationship with Theorem 1.5. 

6. L^-TORSION OF MODULES 

We want to provide a fresh view on L^-torsion and show that it is - if set up 
correctly - a completely classical torsion theory, much in the spirit of classical 
Reidemeister torsion. All desired properties follow from the work of Milnor [51]. 
Throughout this section F will be a countable discrete (not necessarily amenable) 
group. 

6.1. Whitehead torsion. Let i? be a unital ring. For each n G N, we have the 
multiplicative group GL.„(i?) consisting of all invertible n x n matrices over R. One 
may think of GL„(i?) as a subgroup of GL„+i(_R) via identifying A G GL„(i?) with 

(o l) ^ GL„+i(i?). 

Denote by GLoo(-R) the union of GL„(i?) for all ?i G N. The Ki- group of R, denoted 
by Ki{R), is defined as the abelian quotient group of GLoo(-R) by its commutator 
subgroup [GLoo(_R), GLoo(-R)] [59, Definition 2.1.5]. The reduced Ki-group of R, 
denoted by Ki{R), is the quotient group of Ki{R) by the image of {1,-1} C 
GLi(_R). We shall write the abehan group Ki{R) as an additive group. 

In the rest of this subsection we assume that R satisfies the condition (2.8). 

For an acyclic (i.e. exact) chain complex of finitely generated free left R- 
modules of the form 

(6.1) ^ Cfc ^ ■ ■ ■ ^ Ci ^ Co ^ 

with a chosen unordered basis for each Cj, Milnor defined the Whitehead torsion 
r(C*) of C^,, as an element of Ki{R) [51, Sections 3 and 4]. Instead of recalling 
Milnor's definition, we recall the equivalent definition in [15, Section 15]. 

Since C^, is a finite acyclic chain complex of free left i?-modules, it has a contraction 
5, i.e. a left i?-module homomorphism 5j : Cj ^j+i for each j G Z, such that 
dj+i5j + 5j^idj = id for every j G Z [15, page 47]. Set 
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ie2Z 

{d + 6)odd = id + 5)|e,dd : Codd ^ Seven- 

It turns out that {d + 5)odd is an isomorphism from Codd onto Ccvcn [15, page 53]. 
The unions of the chosen unordered basis of each Cj give rise to unordered basis 
of Codd and Seven respectively. Under these basis the matrix of {d + 5)odd (up to 
switching rows and columns) is an element of GLoo(-R), whose image in Ki{R) is 
the Whitehead torsion r(C*). 

Let (C^,, d) be an acyclic chain complex of finitely generated free left i?- module of 
finite length as in (6.1), with a chosen unordered basis for each Gj. Its suspension 
is the chain complex (EC*, T,d) defined by (SC)j = Cj_i and {^d)j = —dj^i for all 
j G Z [8, page 5]. Note that T,G^ is also acyclic. The chosen unordered basis of Qj 
gives rise to an unordered basis of (EC)j+i naturally. One has [15, page 53] 

(6.2) r(Se,) = -r(e,) G Ki{R). 

Let 

^ e; ^ ^ c; ^ o 

be a short exact sequence of chain complexes of finitely generated free left i?-modules 
of finite length as in (6.1). For each j G Z, denote by Hj^Q^,) the j-th homology 
ker(c}j)/im(c?j+i) of C*, which is a left i?-module. Similarly, define Hj{G[) and 
Hj{G'l). Then one has the long exact sequence 

(6.3) 

■ ■ ■ ^ i/,+i(e:) ^ i/,+i(e,) ^ i/,+i(e:) ^ //.(e'j ^ H,{e,) ^ H,{e:) ^ ■ ■ ■ 

of left i?-modules [55, Theorem 3.3]. It follows that if two of C'^, C* and are 
acyclic, then so is the other. Moreover, if this is the case and for chosen unordered 
basis of G'j and we take a left i?-module lifting — )■ Gj for the quotient map 
Gj — >■ CJ and endow Gj with the unordered basis as the union of the images of the 
chosen bases of G'j and CJ under G'j — )■ Gj and CJ — )■ Gj for each j G Z, then [51, 
Theorem 3.1] shows that 

(6.4) r(C,) = r(C:) + r(C:)Gifi(i?). 

6.2. The Haagerup-Schultz algebra. Let i? be a unital ring. A subset S* of i? is 
called multiplicative if l^j G 5, ^ 5 and ab & S for all a,b E S. For a multiplicative 
set S consisting of non-zero-divisors of R, the pair {R, S) is said to satisfy the right 
Ore condition if for any s G S* and a E R there exist t E S and b E R with sb = at. 
In such case, one can form the Ore localization of R with respect to S, denoted by 
RS~^, which is a unital ring containing i? as a subring such that every s G is 
invertible in RS~^ and every element of RS~^ is of the form as~^ for some a & R 
and s G 5 [37, Section lOA]. Similarly, when {R, S) satisfies the left Ore condition. 
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one can define the Ore localization S~^R. If {R, S) satisfies both the left and right 
Ore conditions, then S~^R = RS~^ [37, Corollary 10.14]. 

Let r be a countable discrete group. Denote by S the set of elements g in JiT 
satisfying detj^rS' > 0. Then 5" is a multiplicative set consisting of non-zero-divisors 
of 'NT, and the pair (3\fr, S) satisfies both the left and right Ore conditions [29, 
Lemma 2.4]. The Haagerup-Schultz algebra of F, denoted by JiT^, is defined as the 
Ore localization ^"^[Nfr = KFS'^^. From Theorem 2.1 we have S* = S. Thus ?\fF^ 
has a unique involution b ^ b* extending that of JiT. 

For each d E N, the Fuglede-Kadison determinant detj^ : MdC^T) — )■ ]R>o has 
a unique multiplicative extension detj^r : Mi(?^[F'^) — ]R>o satisfying det>ir(&*) = 
detj^r^ for all b G Md(KF^) [29, Proposition 2.5], since every element of Md(KF^) 
can be written as a{tld)'~'^ for some a G Md([N"F) and t E S, where denotes the 
d X d identity matrix [37, page 301]. From the latter fact it also follows that for any 
d e N and A e GLd(KF^), one has 

dety^A = detj^ 

Also note that detj^r(— 1) = (detjsfr((— l)^))"*^^^ = 1- Thus detjvfr induces a group 
homomorphism Ki{3^r^) M>o, sending the image of ^ e GLd(?^F^) in iri(XF^) 
to detjvfr^, which we still denote by detj^j-p- 

Remark 6.1. Liick and R0rdam showed in [47] that detj^r: — ^ ^>o is 
an isomorphism if J^T is a factor (this happens if and only if F has only infinite 
non-trivial conjugacy classes). 

Lemma 6.2. The ring 'NT ^ satisfies the condition (2.8). 

Proof. It suffices to show that, for any A; > / in N, every homomorphism if : 
(!NF'^)^ — (!NF^)' of left !NF'^-modules fails to be injective. Choosing an ordered ba- 
sis, we may identify (KF^)^ and (:N"F^)' with (KF^)^^*^ and (NF^)^^' respectively. 
Then ip is represented by a matrix A G Mfci([N"F^). We can write A as B(tli)~^ 
for some B G Mk^iiT^T) and t G J^T satisfying det>fri^ > 0, where Ii denotes the 
/ X / identity matrix [37, page 301]. Since dimj^((KF)'=) = k> I = dim3^r((KF)'), 
the [NfF-module homomorphism (KF)^^'^ — >■ (!NF)^^' represented by B can not be 
injective. That is, there exists a nonzero y G (^F)^^*^ satisfying yB = 0. Then y is 
a nonzero element of (XF^)^^'^ and yA = 0. Thus If is not injective. □ 

Thus for every acyclic chain complex of finitely generated free left 3\fF^-modules 
of finite length as in (6.1) with a chosen unordered basis for each Cj, the Whitehead 
torsion r(e,) G i?i(XF^) is defined. 

Though we do not need this fact, let us mention that the algebra JsTF^ can be 
identified with the algebra of closed and densely defined (possibly unbounded) op- 
erators T on -^^(F) affiliated with !NF satisfying logt dfi\T\(t) < oo, where fi\T\ 
denotes the spectral measure of |T| [29, Lemma 2.4]. The phenomenon that the 
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usage of algebras of unbounded operators affiliated with the group von Neumann 
algebra simplifies algebraic matters in the theory of L^-invariants has already been 
used successfully in [58]. 

6.3. A new view on L^-torsion. Let be a (not necessarily acyclic) chain com- 
plex of finitely generated free left ZF-modules of finite length as in (6.1). As in [15, 
Section 18], we may consider the chain complex J^T^ (g>zr C* of left [NT^-modules: 

We call the chain complex A-acydic if J^T^ ®zr C* is acyclic. 

Assume that is A-acyclic and choose an unordered basis for each Qj. The 
latter gives rise to an unordered basis of "NT^ ®zr Cj naturally. Thus we have the 
Whitehead torsion r(3\fr^ ®zr C*) G KiiJiT^) defined, and hence can define the 
L^-torsion 

p(2)(e,) := logdet^r(r(Kr^ ®zr C,)) G M. 

In Proposition 6.6 below we shall show that p^^\G^,) coincides with p^'^\G^) defined 
in Section 2.6. We see the main advantage of our approach in the fact that it is 
more algebraic; all the analysis has been put into the properties of the ring [NF^. 

Definition 6.3. We say that F satisfies the determinant condition if for any d G N 
and any g G MdiZT) with ker g = {0} one has det^frS' > 1- 

Remark 6.4. Luck's determinant conjecture [46, Conjecture 13.2] says that for ev- 
ery group F, every c? G N, and every self-adjoint / G Mrf(ZF), one has detj^r (/+?/) > 
1, where g/ denotes the orthogonal projection from (£^(F))'^^^ onto ker /. If a group 
F satisfies the determinant conjecture, then clearly it satisfies the determinant condi- 
tion. We refer to [46, Theorem 13.3] for a class of groups satisfying the determinant 
conjecture, see also Lemma 3.11 for amenable groups. It was shown by Elek and 
Szabo [25, page 439] that all sofic groups satisfy the determinant conjecture. So far 
there are no examples of groups known to fail the determinant condition. 

In the rest of this section, we assume that F satisfies the determinant condition. 
Then for any A G GLoo(ZF), we have detj^r^, detj^r(^~^) > 1, and 

1 = det:N-r(^ ■ A~^) = detj^r{A) ■ detj^r{A~^), 

and hence det^fpA = 1. It follows that for any A-acyclic G^, the L^-torsion p^^^(C*) 
does not depend on the choice of the unordered basis for each Gj. 

Let be an acyclic chain complex of finitely generated free left ZF-modules of 
finite length as in (6.1). We show that is A-acyclic and 

(6.5) p(2)(e,) = 0. 

Indeed, has a contraction [15, page 47]. It follows that J^V^ (^xr C* has an in- 
duced contraction, and hence C,, is A-acyclic. Choose an unordered basis for Gj and 
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endow iNT'^ ®zr Gj with the corresponding unordered basis for each j G Z. In Sec- 
tion 2.5 we have observed that ZF satisfies the condition (2.8). Thus the Whitehead 
torsions r(e,) E J?i(Zr) and r(Nr^ ®zr C*) G J?i(Kr^) are defined. Moreover, 
clearly r(IN"r^ (^zr C*) is the image of r(C^,) under the natural group homomorphism 
i?i(Zr) -> i?i(Kr^) induced by the embedding ZT XT^. Therefore 

p(2)(e,) = logdet3,r(r(Xr^ ®zr C,)) = log det^r(r(e,)) = 0. 

Let 

-> e; ^ ^ c; ^ o 

be a short exact sequence of chain complexes of finitely generated free left ZF- 
modules of finite length as in (6.1). Since each G" is a free left ZF-module, the short 
sequence 

is also exact. Thus, if two of C'^, C,, and are A-acyclic, then by the discussion in 
Section 6.1 so is the other one. Moreover, if this is the case, then from (6.4) we have 

(6.6) p'^'\e,) = p^'\e:) + p^'\e:)eR. 

We say that a left ZF-module M of type FL is A-acyclic if for some resolution 
(C*,c?) — M of M by finitely generated free left ZF-modules as in (2.7), the chain 
complex C* is A-acyclic. In such case, we want to show that for every finite resolution 
(C^, d') — 7- M of M by finitely generated free left ZF-modules, the chain complex C'^ is 
A-acyclic, and the L^-torsions p^'^\G'^) and p''^-*(C*) are the same. Indeed, there exists 
a homotopy equivalence : — )■ C'^ of chain complexes (index by Z) of left ZF- 
modules [8, Theorem 1.7.5]. Then 1 ® : J<T^ (^zr ^ ^zr is a homotopy 
equivalences of chain complexes of !MF^-modules. Thus l^v^ induces an isomorphism 
from the homology groups of 'KT^ ®zr 6* to those of 'NT^ ^zr C*- Since KF^ ®zr Q* 
is acyclic, so is 3\fF^®zrC'*- That is, C'^ is also A-acyclic. Consider the mapping cone 
of ip, which is the chain complex (cone((y9)*, 9") defined by cone(v9)j := C^- © (SC)j 
and dj{x,y) = {dj{x) + ipj-i{y),—dj-i{y)). Since </) is a homotopy equivalences, 
cone(<y9)* is acyclic [8, Proposition 1.0.6]. Thus cone{(p)^ is A-acyclic and from (6.5) 
we have p^^^ (cone (</))*) = 0. Note that J^T^ ®zr SC* is exactly the suspension of 
M^^ ®zr e*. Thus from (6.2) we have p(2)(se,) = -p(2)(e,). Also note that we 
have a short exact sequence 

(6.7) ^ ^ cone((^)* ^ SC* ^ 
of chain complexes of left ZF-modules. Therefore 

= p(2)(cone((^).) ^'=^^ p(2)(e:) + p(2)(se.) = p(2)(e:) - p^'\e^) 



as desired. Therefore we can define the L"^ -torsion of M, denoted by p(^)(M), as 
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Lemma 6.5. Let — t- M' — t- M — M" be a short exact sequence of left 
TjT -modules. If two TjT -modules out of the set {M', M, M"} are of type FL and 
^-acyclic, then so is the third and 



Proof. Let us first assume that M' and M" are of type FL. By tlie Horseslioe lemma 
[55, Proposition 6.5], any two resolutions C'^ — ?■ M' and Q'l — ?■ M" consisting of free 
left ZF-modules, can be combined to a free resolution C* — M, such that C* fits 
into an exact sequence 



of chain complexes of left ZF-modules. This shows that M is of type FL if M' 
and M" are. If M' and M are of type FL, then consider resolutions C'^ — M' and 
^ M consisting of free left ZF-modules. The inclusion M' M lifts to a map 
of chain complexes y^: C'^ — )■ C* [8, Lemma 1.7.4]. Now, the mapping cone cone((/9)^, 
of if fits in a short exact sequence 



of chain complexes. From the associated long exact sequence (6.3), we see that 
-ffj (cone = M" if j = and ifj (cone ((/?)*) = otherwise. That is, C'^' : = 
cone (</))* is a resolution of M" consisting of free left ZF-modules. This shows that 
M" is of type FL if M and M' are. Finally, let us assume that M and M" are of 
type FL. As in the second case, we obtain in a similar way an extension 



where C* — ?■ M and C" — ?■ M" are resolutions consisting of free left ZF-modules 
and v?' : 6* — J- C'J is a chain map lifting M — M". The long exact sequence (6.3) 
now yields ifj (cone (</?')*) = M' if j = 1 and ifj( cone (</:>'),,) = otherwise. In 
particular, the differential cone(v9')i — cone(v?')o is surjective. Since cone(v3')o is a 
free left ZF-module, we may choose a split of the differential cone((/9')i — > cone((/:>')o 
and define a new chain complex C^- := co\ie{ip')j+i for j > 2 or j = 0, and C'^ := 
cone((/:>')2©cone(93')o. The differentials are defined in the obvious way using the split. 
It is easy to see that C'^ is a resolution of M' consisting of free left ZF-modules. This 
shows that M' of type FL if M and M" are. 

Now we may assume that M' and M" are of type FL. The proof is finished in view 
of the short exact sequence (6.8) using (6.6). □ 

Proposition 6.6. Let C^, he a chain complex of finitely generated free left ZF- 
modules of finite length as in (6.1). Then C* is A-acyclic if and only if the chain 
complex i'^{r) (8)gr C* is weakly acyclic. Moreover, in such case one has 



p(')(M)=p(2)(M')+p('HM"). 



(6.8) 



^ e', ^ ^ e'l o 



e* cone(v2)* SC'^ 



^ e;' ^ cone((^')* ^ se, ^ 



(6.9) 



p 



'(2)(e.) = p(2)(e.). 
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Proof. Choose an ordered basis for each Cj, and denote the rank of Gj by dj. Then 
the differential dj : Gj — j- Cj_i is represented by a matrix fj G M^^ xdj-il^r)- The 
chosen ordered basis of Gj gives rise to an ordered basis of KF^^zrCj naturally. Thus 
we may identify JiT^ ®zr Gj with (!Nr^)^^'^J , and the 3\fr^-module homomorphism 
1 (8) dj is also represented by fj. Note that Aj := + fjf* is a self-adjoint 

element of Mrf.(Zr). 

We prove the "only if" part first. Assume that C* is A-acyclic. Then XT"^ ®zr C* 
is an acyclic chain complex of free left [NT^-modules of finite length. Thus it has a 
contraction 6 [15, page 47]. Say, 6j is represented by the matrix gj G Md-xdj+ii'^'^^)- 
Then 

(6.10) gjfj+i + fjgj^i = 

whenever dj > 0, where 1^^ denotes the dj x dj identity matrix. Suppose that 
£^(r) ®zr C* fails to be weakly acyclic. Then there exists some j G Z with dj > 
such that the closed linear subspace V := {y e (^^(F))^^^^ : yfj = y/J+i = 0} 
of {£'^(T)Y^'^^ is nonzero. We may write gj and gj-i as a~^hj and hj^ih~^ respec- 
tively for some hj G Mrf^xdj+i(^r), ^j-i £ Mij_ixdj (^r), and a, 6 G satisfying 
det^ro, detj^r^ > [37, page 301]. 

We claim that there exists some nonzero y G (£^(F))^^'^^ with ya G V. An 
argument similar to that in Section 2.2 shows that the orthogonal projection from 
(^^(F))^^''-'' onto V is given by some projection q G M^(!NF), i.e. P{x) = xq for all x G 
{f{r)Y'^'^K Consider the polar decomposition of the operator T G i?((^^(F))^^'^^) 
sending x to xa^Id^ — q): there exist unique U, S E 5((£^(F))^^''j) satisfying that 
S* > 0, kerf/ = kerS* = kerT, U is an isometry from the orthogonal complement 
of kerT onto the closure of imT, and T = US [32, Theorem 6.1.2.]. Another 
argument similar to that in Section 2.2 shows that there is some u G M^^, (!MF) such 
that U{x) = xu for all x G (£^(F))^^''j . Suppose that xa ^ V for every nonzero 
X G (£^(F))^^''j . Then T is injective, and hence uu* = Idy Note that both Id- — q 
and u*u are projections and u*u < Id^ — q. Thus 

dj = trj^riuu*) = ticj^r{u*u) < tiy^rildj - q) = dj - trj^rg, 

and therefore trjjrg = 0. Since tr>fr is faithful, we get g = 0, which contradicts that 
V is nonzero. Therefore there is some nonzero y G (£^(F))^^'^J with ya G V . 
From (6.10) we have 

hjfj+ih + afjhj^i = ahldy 

Thus 

yhjfj+ih = y{hjfj+ib + afjhj^i) = yah. 

Since detKr(^*) = det^r^ > (resp. detNr(a*) = detj^ra > 0), by Theorem 2.1 the 
linear map -^^(F) — )■ -^^(F) sending z to h*z (resp. a*z) is injective. Taking adjoints 
we find that the linear map £^(F) — )■ £^(F) sending z to zh (resp. za) is also injective. 
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Thus yhjfj+i = ya G V. Then 

\\yhjfj+i\\l = {yhjfj+i,yhjfj+i) = (yhjfj+if*_^_^,yhj) = 0, 

and hence ya = yhjfj^i = 0. Therefore y = 0, which contradicts our choice of y. 
Thus -^^(r) C* is weakly acychc. 

Next we prove the "if" part. Assume that i'^{T) C* is weakly acyclic. Then 
the linear map {f{r)y'"^^ {fir)^'^^ sending y to yAj is injective. Taking 
adjoints, we find that the linear map (^^(r))''^^-^ — )■ (^^(r))''^^-^ sending z to Ajz is 
also injective. Since F satisfies the determinant condition, we have detj^r^j > 1, 
whenever dj > 0. Since is a self-adjoint element of M^^, (iMT), Kadison showed 
that there exists Uj e Md^i'NF) satisfying U*Uj = UjU* = such that UjAjU^^ 
is diagonal [31, Theorem 3.19]. Note that dety^Uj = {dety^ {U*Uj)y/^ = 1. Thus 
detj^riUjAjU^-^) = det^rAj > 1. Since UjAjU~^ is diagonal, its Fuglede-Kadsion 
determinant is the product of the Fuglede-Kadison determinants of the diagonal 
entries. It follows that UjAjU~^ is invertible in M^^. (!N"F^). Then so is A^. Define 
a left ^J'F^-module homomorphism 5j : ([N'F^)^^'^J -)■ (?^F^)^^'^J+i to be the one 
represented by the matrix Aj^f*^-^ when dj > 0, and be when dj = 0. 

We claim that the module map (1 ® dj+i)6j + 5j-i(l ® dj) is the identity map on 
(^^pA^ixd,^ Consider first the case dj, dj^i > 0. Then (1 ® dj+i)6j + 5j„i(l ® dj) is 
represented by the matrix 

Note that 

A,/, = = /,A,_i, 

and hence A~^ fj = fjAjli. Therefore 

This proves our claim in the case dj,dj^i > 0. The other cases can be dealt with 
easily. Thus 5 is a contraction of the chain complex ?sfF^ ®zr C*- Therefore J^T^ ®zr 
C^, is acyclic, i.e. C^, is A-acyclic. 

Finally we use the contraction 6 constructed above to prove (6.9). The chosen 
ordered basis of Cj gives rise to ordered basis of (3^[r^(g)2rC)odd and (3\fF^®zrC)cvcn- 
Denote by A the matrix in Mrf(?^[r^) representing {d + 5)odd, where d = J2j^2zdj. 
Note that Aff*^j; = and fj+2iAff;+i)* = fj+2fj+iAf = whenever d, > 0. 
It follows that the matrix AA* is block-diagonal with the diagonal blocks being 
A-V;+i/i+iA7^ + fjf* for odd j with dj > 0. Therefore 

p(2)(e,) = logdetjvpA 

= ^logdetHr(^v4*) 
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= 1 Y: log detHr(A7V;Vi/,+iA7^ + /,/;) 

= i (logdet^(/;+i/,+i + A,/,/; A,) - 21ogdetKrA,) 

= 1 ^ (logdet^(/7+J,+i + - 21ogdet^r(/7+i/,+i + /,/;)). 

When dj > 0, since and fjf* are self-adjoint, ■ fjf* = fjf* ■ 

fUJj+i = 0, and ker(/7+i/,+i + /,/;) = {0}, we have /j+J.+i + (/,/;)- = 
+ (lf,+i)ifjfj + 1f;T' for all m e N, and hence 

iogdet^r(/;+i/,+i + {fjf;f) - 2iogdew(/;+i/,+i + /,/;) 

= - log detj^ + ) + log det^r (/i/j" + g/; ) • 

Therefore 

~P^'\Q*) = ^ E (- logdetHr(/7+i/,+i + + logdet^r(/,/; + ?/;)) 

□ 

From now on we shall write p^^^(C*) as p^^)(C*). We may consider the trivial 
left ZF-module Z corresponding to the trivial action of F on Z. If the trivial left 
ZF-module Z is of type FL and A-acyclic, we may consider the L^-torsion of Z and 
call it the L'^ -torsion ofT, which we shall denote by p^'^\T). 

When the trivial left ZF-module Z is of type FL, we define the Euler characteristic 
of F, denoted by x{^)i to be the Euler characteristic of Z as a left ZF-module. 

For a subgroup A of F, note that !hfA is naturally a subalgebra of XF, and detj^rS' = 
detj^Afl' for all c? G N and g G Mrf(!N"A). It follows that if F satisfies the determinant 
condition, then so does A. Furthermore, KA^ is a subalgebra of ?sfF^, and detj^rS' = 
det^A^ for all c/ G N and g G Md(m^). 

Lemma 6.7. Let 

1 ^ A ^ F ^ F/A ^ 1 

he a short exact sequence of groups. Assume that F satisfies the determinant con- 
dition, that the trivial left ZA-module Z is of type FL and A-acyclic, and that the 
trivial left / A]-module Z is of type FL. Then the trivial left -module Z is of 
type FL and A-acyclic, and 

p(^)(F) = x(r/A)-p(2)(A). 
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Proof. Note that ZF is a free right ZA- module. Thus the functor ZF^^a? from the 
category of left ZA- modules to the category of left ZF-modules is exact. Take a 
resolution C* — >■ Z of Z by finitely generated free left ZA-modules of finite length as 
in (2.7). Then ZF ®za C* ^ Z[F/A] is a resolution of ZF ®za Z = Z[F/A] by finitely 
generated free left ZF-modules of finite length. Moreover, we have 

KF^ ®zr (ZF e,) = KF^ ®zA = KF^ ®:^aa (m^ C,). 

Thus, an argument similar to that in the proof of (6.5) shows that ZF ®zA C* is 
A-acyclic and 

p(2)(zF ®zA e,) = p(2)(e,). 

Therefore p(2)(z[r/A]) = p(2)(A). 

Take a resolution of the trivial left Z[F/A]-module Z by finitely generated free left 
Z[F/A]-modules 

(Z[F/A])^^ ^ > (Z[F/A])'^i ^ (ZIF/A])"^" ^ Z 0. 

Treat the above exact sequence as a sequence of left ZF-modules. Using Lemma 6.5 
we conclude that the trivial left ZF-module Z is of type PL and A-acyclic, and 

p(2)(F) = (^h-^yd^ ■ p^'\n^/M) = x(r/A) ■ p^'\A). 

□ 

Theorem 6.8. Let T be a countable discrete group which satisfies the determinant 
condition and admits a sequence of subgroups 

To C Fi C . . . C F„+i = F, 

such that Fj is normal in Fj+i for all < i < n, the trivial left T^TQ-module Z 
and the trivial left 'L\r ij^i /T i\-module Z are of type FL for all < i < n, and Fq 
is non-trivial and amenable. Then, the trivial left ZT-module Z is of type FL and 
A-acyclic, and p^^^(F) = 0. 

Proof. This follows from a straightforward induction argument using Lemma 6.7 
and Theorem L3. □ 
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